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Abstract

Parameterization of a 3D triangular mesh is afundamental problem in mesh processing, such as texture map-
ping, multiresolution modeling, and smooth surface fitting. The convex combination approach is widely used
for parameterization because it has good properties such as fast computation and little distortion of embedded
triangles. However, the approach has one drawback: most boundary triangles have high distortion in the embed-
ding compared with interior ones. In this paper, we present an extension of the convex combination approach
that resolves the drawback by using a virtual boundary. We construct a virtual boundary near the real boundary
of the 3D mesh and fix the virtual boundary onto a given convex polygon. Due to the virtual boundary, the real
boundary triangles can better reflect the shape of the corresponding 3D triangles. We also make the shape of the
2D boundary closer to that of the original 3D meshes by projecting the 3D boundary onto an appropriate 2D plane
and obtaining its convex hull. With the proposed approach, we can obtain a parameterization of a 3D mesh with

less distortion than with the original convex combination approach.

1 Introduction

Parameterization of a 3D triangular mesh is afundamental process for many applications of meshes, such as texture
mapping [7, 8, 6, 10, 9, 5], multi-resolution modeling [1, 4], and smooth surface fitting [2, 3, 12]. In parameterization,
a 2D coordinate (s, t) isassigned to each point on the surface of amesh. This process is accomplished in two steps.
Thefirst step isto determine the parameter of each vertex of the mesh such that the topology of the mesh is preserved,

i.e., the triangles in the parameter space must not overlap each other. The second step is to find a piecewise linear
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function that linearly maps each parameter triangle to the corresponding triangles in the 3D mesh. The procedure
of mesh parameterization can be regarded as embedding a 3D mesh into a 2D parameter space. In genera, the
mesh cannot be flattened over a plane without distortion [7, 8]. In many applications using parameterization, it is
important to minimize distortion, which is the primary objective of parameterization. One-to-one mapping is aso a
very important property of parameterization.

In mesh parameterization, two paradigms exist: energy functional minimization and the convex combination ap-
proach. For thefirst paradigm, several approaches have been devel oped to define and minimize an energy functional
that measures the distortion in the embedded mesh. Maillot et al. proposed a method to minimize a norm of the
Green-Lagrange deformation tensor based on elasticity theory [8]. The harmonic embedding used by Eck et al.
minimizes the metric dispersion instead of elasticity [1]. Lévy et al. proposed an energy functional minimization
method based on orthogonality and homogeneous spacing [6]. A non-deformation criterion (i.e., Dirichlet energy per
parameter area) isintroduced in [3] with extrapolating capabilities. However, minimizing these energy functionals
generally requires a non-linear solver, which may require extensive computation.

The convex combination approach is an extension of the barycentric mapping approach proposed by Tutte [13].
This approach obtains parameterization by fixing the boundary vertices of a 3D mesh onto a 2D convex polygon
and solving a linear system to determine the 2D embedded positions of interior vertices. The linear system is
constructed by representing each interior vertex as a convex combination of its neighborhood. In this approach,
the major problem is how to determine the coefficients of the convex combination for each interior vertex. Floater
proposed shape-preserving parameterization [2], where the coefficients are determined by using conformal mapping
and barycentric coordinates. The harmonic embedding [1] is aso a specia case of this approach, except that the
coefficients may be negative. The convex combination approach to parameterization is simple and fast, and always
creates a one-to-one embedding. However, this approach requires the boundary of a mesh to be fixed on a convex
polygon, which causes high distortion near the boundary.

On the other hand, if we reflect the 3D boundary shape of a mesh in determining the 2D boundary in the 2D
parameter space, we can decrease the distortion near the boundary of an embedding. Most parameterization methods
based on optimization consider al vertices together and obtain a2D embedding that reflects the 3D boundary shape
of a mesh. However, these methods usually require solving non-linear systems, which makes them relatively slow.
Lévy proposed a linear system solver for parameterization, which minimizes the gradient of parameters between
two adjacent faces [5]. In his approach, the boundary of an embedding needs not be fixed in the parameterization

process, but the generated embedding may not be one-to-one.



In this paper, we propose a new parameterization method, which extends the convex combination approach to
reduce distortion near the boundary. To overcome the limitation of fixing the boundary in the convex combination
approach, we assume a set of virtual vertices attached to the boundary of a mesh and consider it as the fixed part
in the parameterization process. That is, we map the virtual vertices to a 2D convex polygon instead of the real
boundary vertices of a mesh. Since our method is based on the convex combination approach, it can guarantee a
one-to-one mapping to be generated by solving alinear system. The proposed method is ssimple and fast, and it can
generate an embedding with less distortion for a mesh with a complicated boundary than the original approach.

The organization of this paper is as follows. Section 2 introduces the basic idea of the proposed method with a
summary of the convex combination approach and the notion of avirtual boundary. Section 3 explains the construc-
tion of avirtual boundary and how to determine the coefficients of virtual vertices. Experimental results are shown

in Section 4. We give our conclusions in Section 5.

2 Basic Ildea

2.1 Parameterization based on convex combinations

Floater proposed the convex combination approach to parameterization [2]. Let w,...,uy be the 2D embedded
positions of 3D vertices, vy,..., vy, Wherevy, ..., v, and v,,11, ..., vy aretheinterior and boundary vertices of
amesh, respectively. The convex combination approach determines the values of 4,1, . . . , uy by mapping the 3D
boundary onto a given convex polygon in the 2D parameter space. To obtain the values of u, . . . , u,, the approach
represents u; as a convex combination of u;, where v; are the 1-ring neighborhood vertices of v;. That is,
N N
ui=> Xiguj, i=1...,n, X;>0, (,j) €E, XN;=0, (i,j)#E, > A\ij=1, (1)
j=1 j=1
where E isthe edge set of the mesh. We can compute the values of w, ..., u, by solving the linear system in Eq.
(2), which is derived from Eq. (1).
n N
u; — Z)‘ivjuj = Z Aijuj, t=1,...,n. 2
j=1 j=n+1
Foater proved that there always exists a unique solution of the linear system in Eq. (2). He aso proved that
if mapping between the 3D boundary and the 2D convex polygon is one-to-one, mapping for the interior vertices
becomes an embedding without overlaps. The shape of the embedding depends on the coefficients  ; of the convex

combination. Floater proposed three methods to obtain the coefficients. uniform parameterization, chord length



parameterization, and shape-preserving parameterization. Among them, the last method best reflects the shape of a

mesh since the method has the affine invariant property.

2.2 Virtual boundary

The major problem of parameterization of a 3D triangular mesh concerns how to embed amesh onto a 2D parameter
space so that the shapes of triangles can be well preserved. Fig. 1(b) is the 2D embedding of the 3D mesh shown
in Fig. 1(a) using shape-preserving parameterization [2]. We can ascertain the drawback of the convex combination

approach such that high distortion occurs near the boundary and the overall shape of the embedding resembles the

shape of the bounding convex polygon, in this case, a square.
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(a) 3D triangular mesh  (b) shape-preserving parameterization  (c) our method with avirtual boundary

Figure 1: Parameterization of atriangular mesh

Fig. 1(c) isthe embedding obtained by the proposed parameterization method. The method combines the concept
of avirtual boundary to the convex combination approach and selects a bounding convex polygon that resembles

the shape of a 3D boundary. The distortion of triangles near the boundary is much reduced and the overall shape of

embedding is closer to that of the 3D mesh.

2.3 Parameterization process

In the proposed method, the parameterization process can be summarized as follows (see Fig. 3).
1. Virtua vertices are attached to the real boundary without 3D geometric information, as shown in Fig. 2(a).
2. The coefficients of convex combinations are computed for interior vertices and real boundary vertices.

3. The shape of the bounding convex polygon is determined in the parameter space, and the virtual boundary is

mapped onto the polygon, as shown in Fig. 2(b).

4. Thelinear system from the convex combinations is solved to determine the embedded positions of the vertices.



Virtual boundary Sreeee- -

(a) mesh and virtual boundary (b) virtual boundary on the parameter space

Figure 2: Virtual boundary in 3D and 2D space
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Figure 3: Parameterization process

3 Generation of Virtual Boundary

3.1 Virtual vertices

In this section, we explain how to assign topological information to virtua vertices and how to embed them onto a
given bounding convex polygon. The connectivity of the virtual boundary and the real boundary isillustrated in Fig.
4. The vertices on the real boundary and the virtual boundary are denoted by 4 and v}, respectively. The number of
virtual vertices istwice that of the real boundary vertices, with which we expect the real boundary vertices to move
more freely. Each real boundary vertex v; is adjacent to three virtual vertices, v, ,, vy, and vy, ;.

In the convex combination approach, the vertices on the boundary are parameterized on the bounding convex
polygon by considering the edge length between two adjacent vertices. In the case of the virtual boundary, we do not
have the 3D positions of the virtual vertices. Hence, we map the virtual vertices onto the convex polygon by using

edge lengths between the real boundary vertices. We place the vertices 4 so that the lengths of the edges between



Figure 4: Connectivity between vertices on virtual and real boundary

vy; and vy, , , are proportional to the distances between v; and v, 1, and v, , ; isthe middle point of v5; and v, .

3.2 Coefficient computation

We use shape-preserving parameterization in the coefficient computation process. The coefficients are computed
from the local parameterization of a vertex and its 1-ring neighborhood. The conformal mapping is used for local
parameterization, and the coefficients are acquired by averaging the barycentric coordinates. Refer to [2] for the
details.

In the case of our augmented mesh, we should compute the coefficients for the real boundary vertices as well as
the interior ones. Note that the virtual vertices, not the real boundary vertices, are fixed onto the given bounding
convex polygon. Inthelocal parameterization of area boundary vertex, we cannot directly use conforma mapping
because the virtual vertices have no geometry. To preserve the local shape of the boundary, we first map a rea
boundary vertex and its real neighbors onto the 2D parameter space. They can be mapped onto the 2D space
without distortion, while the angles and the lengths of the real triangles are preserved. Figs. 5(a) and 5(b) show 3D
configuration and 2D mapping of areal boundary vertex and its neighbors, respectively. We then place the virtual
vertices vy; 4, vy;, and vy, ; asshownin Fig. 5(c). Here, the distances between v; and vy, j = 2i —1,24,2i + 1, are
the same as the average of lengths of the real edges in the 1-ring neighborhood. The angles around y of the virtual
triangles are the same as (27 — 0) / k, where 6 is the sum of angles around v; of the real triangles and k is the number
of the virtual triangles. Finally, we compute the coefficients for the boundary vertices by averaging the barycentric

coordinates.

3.3 Shape of virtual boundary

We can use various 2D polygons for the bounding convex polygon, onto which the virtual boundary of a2D meshis
fixed. Figs. 6(a) and 6(b) show the embedding results obtained when the bounding polygon is a circle and a square,

respectively. The examples show that we can obtain better results than Floater’s method [2] because the virtual
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(a) 3D configuration  (b) 2D mapping (c) placement of virtual vertices

Figure 5: Local parameterization of areal boundary vertex and its 1-ring neighbors

boundary isfixed instead of the real boundary. However, the shape of an embedded mesh is still strongly influenced
by that of the bounding convex polygon. The overall shapes of the real boundary in Figs. 6(a) and 6(b) are close to

the circle and the square, respectively.
In Fig. 6(c), the bounding convex polygon is generated from a projected boundary of the mesh. We project the

real boundary onto the plane obtained by aleast square fitting. Since the projected boundary may be concave, we

use the convex hull of the projected boundary as the bounding convex polygon. The embedding result is better than

others since the convex hull reflects the 3D geometry of the mesh.
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(a) circle (b) square (c) convex hull of the projected boundary

Figure 6;: Embedding results with different bounding convex polygons

3.4 Multi-layered virtual boundary

Although we can reduce the distortion near the boundary by using virtual vertices, the shape of the 2D embedding
still remains under the strong influence of the bounding convex polygon. In Fig. 6, we observe that the triangle
shapes in aregion far from the boundary are well preserved. Hence, we try to add more virtua verticesin a multi-
layered structure in order to reduce the influence of the bounding polygon. To prevent exponential increase of the

number of virtual vertices, each layer is made to contain the same number of virtua vertices. Fig. 7 shows the

connectivity of virtual vertices between layers.
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(b) no virtua vertices

8(b) shows the result of 2D embedding when the real boundary is fixed to the

Figure 7: Construction of amulti-layered virtual boundary

(f) four layers

(e) three layers
Effects of multi-layered virtual boundaries

(d) two layers
Figure 8

Contrary to the single-layered structure, we must compute the coefficients of the convex combinations for virtual

vertices, except at the last layer, since their positions are not determined in the mapping of the virtual boundary onto

the bounding convex polygon. For simplicity, the coefficients are set to be uniformly 1/4, where d; is the degree of

tual vertex v;. For example, in the case of v

avir

Fig. 8 showsthe results of our parameterization using the multi-layered virtual boundaries. When the 3D boundary
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distortion is reduced when we add virtual vertices in amulti-layered structure to the real boundary, as shownin Figs.



4 Experimental Result

Table 1 shows the comparison of five cases. (1) the real boundary is fixed on a square, (2) the real boundary is fixed
on acircle, (3) the virtual boundary is fixed on a square, (4) the virtual boundary isfixed on acircle, (5) the virtual
boundary isfixed on the convex hull of the projected boundary. We use the texture stretch metric I, and L, defined

in [11] as the measures for comparison. The norm L, corresponds to the mean stretch over all directions, and
the worst-case norm L, is the greatest stretch. From Table 1, we can see that the distortion measurement changes
according to the shape of the bounding polygon, and the value decreases when the shape of the bounding polygon is

closer to the shape of the 3D boundary.

Shape of Boundary , Type ( No. of layers) L Ly

square, real (0) 1.1555540562 | 4.5632829666

circle, real (0) 1.0796248913 | 5.3720154762

square, virtual (1) 1.1166115999 | 4.4459357262

square, virtual (2) 1.1067023277 | 4.3346028328

square, virtual (3) 1.1003003120 | 4.2538571358

circle, virtua (1) 1.0660164356 | 5.0777935982

circle, virtual (2) 1.0637238026 | 4.9618878365

circle, virtual (3) 10634766817 | 4.7662897110

convex polygon, virtual (1) 1.0613353252 | 4.0639147758

Table 1. Comparison of distortion measurements

Fig. 10 shows the results of texture mapping, where a check-board pattern is mapped onto the mesh in Fig. 9. In
the case of a square boundary without virtual vertices, the texture is severely stretched near the boundary, as shown
inFig. 10(a). Figs. 10(b) and 10(c) are the results of circle and polygon boundaries with virtual vertices, respectively.
Both have a smaller stretch than Fig. 10(a). However, in Fig. 10(c), the texture is more uniformly mapped than in
Fig. 10(b).

Fig. 11 shows an example of parameterizing a more complicated mesh. Fig. 11(a) is the 3D mesh. Figs. 11(b),
11(c), and 11(d) are the embeddings of Fig. 11(a) obtained by fixing the virtual boundary onto a square, acircle, and
the convex hull of the projected boundary, respectively. In the figures, we can observe that the embeddings generated

by adding virtual vertices have better shapes compared with those obtained by the original convex combination



(a) square (b) circle, three virtual layers (c) convex polygon, one virtual layer

Figure 10: Texture mapping results
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(a) 3D triangular mesh (b) square (c) circle (d) convex hull

Figure 11: Parameterizations with different bounding polygons

5 Conclusion

In this paper, we have proposed an extension of the convex combination approach to reduce the high distortion
around the boundary in the parameterization of a 3D mesh. We introduced the virtual boundary of a mesh and fixed
it instead of the real boundary to the bounding convex polygon. The multi-layered structure is useful for amesh with

aseverely concave boundary. In future, we will analyze the effects of connectivity and coefficients of virtual vertices



on the result of the parameterization. In addition, we will also investigate a speed up technique with a multi-level

approach to solve the linear system, such as multi-grid relaxation.
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