
EUROGRAPHICS’99 / P. BrunetandR. Scopigno
(GuestEditors)

Volume18 (1999), Number3

Interacti veMultir esolutionEditing of Arbitrary Meshes

SeungyongLee
�

Departmentof ComputerScienceandEngineering
PohangUniversityof ScienceandTechnology(POSTECH)

Pohang,790-784,Korea

Abstract
Thispaperpresentsa novelapproach to multiresolutioneditingof a triangular mesh.Thebasicideais to embed
an editingareaof a meshontoa 2D rectangleandinterpolatetheuser-specifiededitinginformationoverthe2D
rectangle. Theresultof the interpolationis mappedback to theediting areaand thenusedto updatethemesh.
We adoptharmonicmapsfor the embeddingand multilevel B-splinesfor the interpolation.Theproposedmesh
editingtechniquecanhandlean arbitrary meshwithoutanypreprocessingsuch asremeshing. It runsfastenough
to supportinteractiveeditingandproducesintuitiveeditingresults.

1. Intr oduction

In computergraphics,triangularmeshesarewidely usedin
representingshapes.Meshediting allows a userto control
theshapeof a meshby adjustingthevertex positionsof the
mesh.It is a powerful tool for generatinga desiredshape
from a given mesh.However, if a usercan edit only one
vertex at a time, it would be tediousand time consuming
to modify theshapeof a meshwith severalthousandfaces.
Hence,thereis anecessityfor aneffectivemesheditingtech-
niquethatcanhandlemultiple verticesat a time in an intu-
itive way.

In this paper, we presenta novel approachto triangular
mesheditingthatsatisfiesthefollowing requirements.� Direct manipulation: A usercan edit a triangularmesh

by picking anddraggingpartsof themesh:specifically, a
setof vertices.Thiscontrastswith conventionaldeforma-
tion techniquessuchas free-formdeformations1, which
modify object shapesby manipulatinga control lattice.
Variouseditingprimitivesareprovidedsuchasachainof
vertices,aclosedsequenceof vertices,andascatteredset
of vertices.Theresultof editingreflectsall theeditingin-
formationspecifiedattheverticesin theeditingprimitive.� Multiresolutionediting: Whenavertex is edited,itsneigh-
boring verticesmay be influencedto variousdegrees.In
principle, this is the sameasthe multiresolutionediting
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thatcanbeprovidedby wavelets2 or subdivisionmeshes3.
Thescaleof theinfluenceis controlledby anintuitive and
continuousparameter.� Editing areacontrol: A usercanexactly specifytheedit-
ing areaof the mesh,whereonly the verticesin the area
may be adjustedby an editing operation.Editing area
control is differentfrom themultiresolutioneditingmen-
tionedabove.A smallscaleeditingonlyhasinfluenceson
the verticesthat arenearbyto the editing primitive, not
all theverticesin aneditingarea.On thelargestscale,an
editingoperationwill modify thepositionsof all thever-
ticesin aneditingarea.� Arbitrarymeshhandling: Mesheswith arbitrarystructures
canbehandledwithoutany preprocessing.Thiscontrasts
with an editing techniquebasedon subdivision3, which
requiresagivenmeshto havesubdivisionconnectivity.� Intuitiveresponse:Theresultof aneditingoperationsatis-
fieswhata userintendedby moving aneditingprimitive.
In theupdatedmesh,thenew positionsof theverticesin
theeditingprimitive areinterpolatedandsmoothlyprop-
agatedto theothervertices.� Interactive editing: An editing operation is efficient
enoughtoprovideauserwith aninteractiveresponse.The
meshis updatedseveral timesa secondwhenan editing
primitive is dragged.

Thebasicideaof meshediting in this paperis to embed
a specifiededitingareaontoa 2D rectangleandinterpolate
the user-specifiedediting information over the 2D rectan-
gle.Weadoptaharmonicmap4 to obtainanembeddingthat
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minimizesmetricdistortion.If severaleditingoperationsare
appliedto aneditingarea,theharmonicmapis constructed
only oncewhena userspecifiesthe editing area.Whenan
editing primitive is selectedand modified,the information
is mappedto thecorrespondingverticesin the2D rectangle.
Multilevel B-splineinterpolation5 is thenusedto propagate
themappedinformationto theotherverticesin the2D rect-
angle.Theinterpolatededitinginformationis finally mapped
backto theverticesin 3D to generateanupdatedmesh.

Among the above requirements,editingareacontrol and
arbitrarymeshhandlingaremadepossibleby theembedding
of aneditingareaontoa2D rectangle.Wecaneasilyimple-
mentandstrictly enforceediting areacontrol by consider-
ing only the verticesof an editing areain the embedding.
Oncethe specifiedediting areais homeomorphicto a 2D
disk,whichis notasevererestriction,ourmesheditingtech-
niquecanbe appliedto a meshwith an arbitrarystructure.
Multilevel B-spline interpolationis a key componentthat
providesdirect manipulationandmultiresolutionediting. It
interpolatesuser-specifiedediting informationover the 2D
embeddingof an editing areaby constructingsurfacesthat
passthroughscattereddatapoints.By changingthe sizeof
the coarsestcontrol lattice in multilevel B-splines,we can
controltheinfluenceareaof aneditingprimitive. Intuitivere-
sponsecomesfromthefavorablepropertiesof harmonicem-
bedding,which minimizesmetricdistortion,andmultilevel
B-splines,whichsmoothlyinterpolatescattereddatapoints.
Interactive editingis possibledueto thefastspeedof multi-
level B-splineinterpolation.Harmonicembeddingmaynot
bedoneat an interactive ratefor aneditingareawith many
triangles.However, it doesnot prohibit interactive editing
becausea harmonicmapis constructedonly oncewhenthe
editingareais specified.

Theremainderof this paperis organizedasfollows.Sec-
tion 2 reviews therelatedwork. In Section3, weoutlinethe
meshediting techniqueproposedin this paper. Sections4
and5 cover thekey stepsin theproposedmesheditingtech-
nique,which are2D embeddingandeditinginformationin-
terpolation,respectively. Section6 shows meshediting ex-
amples.Section7 concludesthispaper.

2. RelatedWork

2.1. 3D Deformations

Deformationis a powerful modelingtool that changesthe
shapeof an existing object to createa complicatedobject.
Mesh editing can be consideredas a kind of deformation
becauseit changestheshapeof amesh.

There has been much researchon deformation tech-
niques, including Barr’s global and local deformations6,
free-form deformations1 and its extensions7� 8 � 9 � 10, axial
deformations11, andwires12. Thesetechniquesdefinetrans-
formationfunctionsin 3D spaceby manipulatingdeforma-
tion primitivessuchascontrollatticesandcurves.Theshape

of anobjectis changedby applyingthetransformationfunc-
tion to theverticesof theobject.

In contrast,the meshediting techniqueproposedin this
paperallows a user to directly manipulatethe verticesof
a mesh,which enablesfine control of the editedvertices.
Also, theeditinginformationis propagatedto theotherver-
tices over the surfaceof the mesh,not through3D space.
This propertyprovideseasycontrolof themodifiedareaof
a mesh.For example,whenwe want to edit a front part of
a mesh,any part in thebackshouldnot be influencedeven
thoughbothpartsarenearbyin 3D space.

2.2. Multir esolutionediting

Therehavebeenseveralapproachesto multiresolutionedit-
ing of anobject.Forsey andBartelspresenteda hierarchical
editingtechniquefor B-splinesurfacesbasedonlocalrefine-
mentsof controllattices13. Waveletsprovidehierarchicalba-
sis functionsthatenablemultiresolutioneditingif anobject
canberepresentedby thebasisfunctions2 � 14. Whenagiven
meshhasbeenconstructedby applyingrecursivesubdivision
to a simplemesh,thesubdivisionhierarchycanbeusedfor
multiresolutioneditingof thegivenmesh3 � 4 � 15. Theresolu-
tion modelingsystemproposedby Cignoniet al. includesa
simplemultiresolutionmesheditingfeature16.

Although thesetechniquessupportmultiresolutionedit-
ing, they have limitationson the representationor structure
of the editedobjects.Forsey andBartels’methodcanonly
handleB-spline surfaces.To apply a wavelet-basedtech-
nique,an objectrepresentationmustbeconvertedto a hier-
archicalrepresentationwith waveletbases.This conversion
maynot besimplewhenanobjecthasa complex structure.
Multiresolutionediting basedon subdivision hierarchycan
beusedonly whenagivenmeshhassubdivisionconnectiv-
ity. Thereareremeshingtechniquesthatconvertanarbitrary
meshto ameshwith subdivisionconnectivity4 � 15. However,
remeshingchangesthe connectivity and positionsof ver-
tices, which resultsin an approximationof a given mesh.
Meshediting supportedby the resolutionmodelingsystem
alsorequiresapreprocessingthatconvertsagivenmeshinto
amultiresolutionrepresentation.

In contrast,theapproachproposedin this papercanhan-
dle an arbitrary meshwithout any preprocessingsuch as
wavelet analysisor remeshing.The only constraintof the
approachis that the editing areashouldbe homeomorphic
to a 2D disk,which is not of greatconsequencein practical
application.

2.3. Directmanipulation

Hsuetal. presentedadirectmanipulationtechniquefor free-
form deformations17. Welch and Witkin proposeda vari-
ational approachto directly manipulateB-spline surfaces
with scatteredpoints or curves18. To provide a userwith
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direct manipulation,thesetechniquesrespectively compute
thepseudoinverseof a possiblylarge matrix or a numerical
solutionof energy minimization.Whena large numberof
verticesarepickedanddragged,thesetechniquesmay not
produceupdatesat an interactive rate.Also, aneditingarea
with an arbitrary boundarycannotbe specifiedwith these
techniques.

In multiresolutionediting basedon waveletsor subdivi-
sion,largescaleeditingis doneby manipulatingupperlevel
coefficientsor polygonsin the hierarchicalrepresentation.
Editing of thesescalecoefficientsor polygonshasinfluence
onall thefinestlevel verticesthatinherit theirpositionsfrom
thecoefficientsor polygons.Thisapproachdoesnotallow a
userto work with theverticesat thefinestlevel whenlarge
scaleediting is desired.Also, a usercannotspecifyanedit-
ingareawith anarbitraryboundary,for example,thatcrosses
theinfluenceareaof anupperlevel polygon.

Kobbelt et al.19 proposeda novel approachto interac-
tive editingthatovercomesthedrawbacksof thetechniques
basedon waveletsandsubdivision. The approachallows a
userto specifyanarbitraryeditingareain ameshandto use
any verticesin theareafor editingata largescale.To obtain
theresultof aneditingoperation,thethin plateenergy min-
imizationis performedby usingmultilevel discretefairing.

In terms of user interface,our meshediting technique
is similar to that of Kobbeltet al. However, our technique
is basedon harmonicembeddingandmultilevel B-splines,
which aresimplerandeasierto implementthanmultilevel
discretefairing.Also, in our technique,multiresolutionedit-
ing is supportedin amoreintuitive wayby providing acon-
tinuousscaleparameter.

3. 3D Multir esolutionEditing

3.1. Editing process

Whenameshis given,theeditingprocessis asfollows.Fig.
1 summarizestheprocess.

1. Theuserselectsaclosededitingareaby specifyingase-
quenceof verticeson theboundaryof the area(Section
3.2).

2. Theverticesin theeditingareaareembeddedontoa 2D
rectanglewhile minimizingmetricdistortion(Section4).

3. If desired,theusercanchangethelocalcoordinateframes
at theverticesin theeditingarea(Section3.4).

4. If desired,the usercanchangethe scaleparameterthat
controlsthe influenceareaof an editing primitive (Sec-
tion 3.6).

5. Theuserselectsaneditingprimitive thatconsistsof aset
of verticesin theeditingarea(Section3.3).

6. Theusermodifiesthepositionsof theverticesin theedit-
ing primitive (Section3.3).

7. For theverticesin theeditingprimitive, themodifiedpo-
sitions are convertedto 3D offset vectorsby using lo-
cal frames(Section3.5). The3D offset vectorsarethen

(Local frame selection)

Editing area selection

Primitive editing

(Scale parameter selection)

Mesh update

2D embedding

Offset interpolation

Offset computation

Editing primitive selection

Updated mesh display

User interaction Internal processing

Figure1: Theeditingprocess.

mappedto thecorrespondingpointsin the2D embedding
of theeditingarea.

8. The mapped3D offset vectorsareinterpolatedover the
2D embeddingby generatingthreesmoothsurfaces(Sec-
tion 5).

9. At all verticesin the editing area,3D offset vectorsare
obtainedfrom the surfacesand new positionsarecom-
putedby usinglocal frames(Section3.5).

10. Theupdatedmeshis displayedwith thenew positionsof
verticesin theeditingarea.

The usercaninteractively edit a meshwith a selectededit-
ing primitive by iteratingsteps6 through10. Also, theuser
canapplyseveraleditingoperationsto aneditingareaby it-
eratingsteps3 through10. In this case,2D embeddingof
the editing areais doneonly oncewhen it is specified.If
the userwantsto work with a differenteditingarea,a new
editingprocessis requiredthatstartsfrom step1.

3.2. Editing area

An editingareais a closedregion on a meshthatis homeo-
morphicto a 2D disk. The usercanspecifyan editing area
by pickingasequenceof verticesonthemesh.To determine
theboundaryof theeditingarea,we computethegeodesics
betweenadjacentverticesin thesequencethatpassthrough
theedgesof themesh.Theinterior of theeditingareais de-
finedby usingtheorderingof verticesin theboundaryloop
andobtainedby agraphsearch.Theusercanalsoextendan
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editingareaby picking severalfacesthatareadjacentto the
editingarea.

3.3. Editing operation

An editingprimitiveconsistsof asetof verticesin anediting
area.Thereis no requirementon thestructureof thevertex
set.This freedomenablesavarietyof editingprimitives,in-
cludinga singlevertex, an openor closedsequenceof ver-
tices,andaconnectedor scatteredsetof vertices.

To edit a mesh,theusercanmanipulatean editingprim-
itive in two modes.In the first mode,the usercandragan
editingprimitive, whichchangesthepositionsof all vertices
in theprimitive simultaneously. In this case,themeshis up-
datedwhile draggingandtheusercaninteractively edit the
mesh.Thesecondmodeallows theuserto changetheposi-
tionsof verticesin aneditingprimitive independently, han-
dling the verticesoneby one.This modeis usefulfor fine
controlof ameshshape.For example,somepartsof anedit-
ing primitive canbefixedwhile theotherpartsarechanged.
In the secondmode, the meshupdatehappenswhen the
usercompletesthemanipulationof aneditingprimitive and
pushesanapplybutton.

3.4. Local frames

A localcoordinateframeisattachedtoeachvertex in anedit-
ing area.At theverticesin aneditingprimitive, local frames
areusedtoobtain3Doffsetvectorsfrompositionchangesby
aneditingoperation.After theoffsetvectorsareinterpolated
over all verticesin theeditingarea,local framesareusedto
updatethevertex positionswith theinterpolatedoffsets.

Therearemany waysto definealocalframeatavertex. In
thispaper, weprovidetheuserwith two simpleoptions.One
optionis to usetheglobalcoordinateframeof agivenmesh
asthesamelocal frameat all vertices.Theotheroptional-
lowsverticesto havedifferentlocal framesbasedon normal
vectors.In this case,eachvertex becomesthe origin of its
local frame.Althoughtheremaybeamoreelegantmethod,
we simply computethe normalvectorat a vertex by aver-
agingtheplanenormalsof theadjacenttriangles.However,
thenormalvectoratavertex determinesonly oneaxisof the
local frame.The other two axesof local framesshouldbe
consistentamongadjacentvertices.To defineconsistentlo-
cal framesbasedon normalvectors,we first pick avertex �
andassignalocal framethatconsistsof thenormalvector 	

andtwo orthonormalvectors 	� and 	� in theplaneperpendic-
ular to 	
 . The local frameat a vertex � 
 is thenobtainedby
applyinga singlerotationto vectors 	� , 	� , and 	
 . The rota-
tion is determinedsothat 	
 is transformedto alignwith the
normalvector 	
 
 at � 
 .
3.5. 3D offsetvectors

In aneditingoperation,thepositionsof verticesin anediting
primitive arechangedby the user. Thesepositionchanges

areconvertedto 3D offsetvectorsby usingthelocal frames
of the vertices.Let 	� , 	� , and 	
 be threeaxis vectorsof the
local frameat a vertex � . Let ��	� be the displacementof
vertex � by aneditingoperation.The3D offsetvector � 	� at� is derivedby projectingthedisplacement��	� to thethree
axesof thelocal frameat � . Thatis,

� 	����� � ��� � � � � 
 � ��� 	��� ��	��� 	��� ��	��� 	
�� ��	� � � (1)

Theoffsetvectorscomputedby Eq. (1) at theverticesin
aneditingprimitive areinterpolatedover theeditingareaas
will beexplainedin Section5. Theinterpolationsuppliesan
offsetvectorfor eachvertex in theeditingarea.Theupdated
position 	� new of avertex � is thendeterminedby theinterpo-
latedoffsetvector � 	� with thecurrentposition 	� old andthe
local frameof � . Thatis,

	� new
� 	� old � � � 	� � � � 	� � � 
 	
��

3.6. Scaleparameter

In aneditingoperation,thescaleparameterallows theuser
to intuitively control the influenceareaof an editing prim-
itive. It hasa valuebetweenzeroandone.With the value
zero,only the verticesin the editing primitive may change
positionsin theupdatedmesh.Whenthescaleparameteris
one,all verticesin theeditingareaareinfluencedby anedit-
ing operation.In thiscase,theeditingeffectsarediminished
basedon thedistancefrom theeditingprimitive. For ascale
parametervalueotherthanzeroandone,an editing primi-
tive hasinfluenceon nearbypartsin theeditingarea,where
theinfluenceareais proportionalto thevalue.Regardlessof
thescaleparameter, theboundaryof theeditingarearemains
fixed in theupdatedmesh.As will be explainedin Section
5, thescaleparameteris implementedby controllingthesize
of thecoarsestcontrol latticeusedin multilevel B-splinein-
terpolation.

4. 2D Embeddingof Editing Ar ea

Oncetheuserselectsaneditingarea,it is embeddedontoa
2D plane.Thereareseveral techniquesthat canbe usedto
embeda region of a meshonto a 2D plane.The 3D mor-
phing techniqueby Kent et al. includesa physically-based
methodto projectapolyhedronontoits convex hull20. Mail-
lot et al. have proposedan energy minimizationapproach
to embeda triangularmeshonto a 2D texture space21. To
obtaina parameterizationon an arbitrarymesh,Eck et al.
haveusedharmonicmapsto embedregionsof themeshonto
2D polygons4. Duchampet al. have presentedan efficient
techniqueto computeharmonicmapsby usinghierarchical
preconditioning22. Lee et al. have proposedMAPS, which
smoothlyprojectsthe verticesof a meshonto a simplified
mesh15.

Eck et al. have mentionedthat the methodof Kent et
al. producesconsiderablemetricdistortion4. Themethodof
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Maillot et al. may requireheavy computationto obtainthe
solutionof energy minimization.MAPS is basedon mesh
simplificationandprojectsaregionof ameshonto3D poly-
gons,not a 2D plane.Hence,in this paper, we choosehar-
monicmapsasthe tool to embedaneditingareaontoa 2D
plane.Recentlyharmonicmapshave alsobeenusedfor 3D
morphingamongtwo polyhedra23 24.

4.1. Harmonic maps

To implement2Dembeddingof aneditingarea,weadoptthe
piecewiselinearapproximationof aharmonicmapproposed
by Ecketal.4 Let !#" $&%(' beamappingfrom thevertices
in aregion $ of ameshontoa2D polygon ' . Theenergy of
mapping! is definedby)+* ! ,.- /0213 4 5 6 4 7 8 9 : ; < : = 3 >�8 ? @ A B B ! * C @ , DE! * C A , B B F G
An interior edge

* C @ H C A , in $ is incident to two faces,* C @ H C A H C I J , and
* C @ H C A H C I K , . The spring constants? @ A is

thengivenby

? @ A -ML F@
I J N L FA I J D L F@ AO @ A I J

N L F@ I K N L FA I K D L F@ AO @ A I K H
whereL @ A is thelengthof anedge

* C @ H C A , andO @ A I is thearea
of a face

* C @ H C A H C I , . Thelengthsandareasaremeasuredin$ .

When the mappingfrom the boundaryverticesof $ to
theboundaryof ' is fixed,thereexistsa uniquemapping!
that minimizestheenergy

)+* ! , . We canobtaintheunique
mappingby solving a sparselinear systemfor its valuesat
theinterior verticesof $ . Theuniquemappingis calledthe
harmonicmap from $ to ' thoughstrictly speakingit is
only a piecewiselinearapproximation4. Theharmonicmap
tendsto produceanembeddingof $ onto ' thatminimizes
metricdistortionsof theedgesin $ .

Eck et al. mentionedthat self-intersectionsmayoccurin
the 2D meshthat is generatedby a harmonicmapfrom $
to ' 4. In this case,the2D meshcontainsfoldovers,where
partsof the meshfold uponanotherparts.Thesefoldovers
may introducean unexpectedresultwhenediting informa-
tion is interpolatedover the 2D meshandmappedback to
3D. However, theself-intersectionsoccurextremelyrarely4

and even when they really happen,the foldovers are usu-
ally confinedto small regions so that the editing result is
still intuitive. Hence,in this paper, wedo notchecktheself-
intersectionsin the2D mesh.

4.2. Boundary mapping

In this paper, an editingarea$ is embeddedontoa rectan-
gle P by a harmonicmap.This relateswith the multilevel
B-splineinterpolationusedin Section5 thatrequiresa rect-
angulardomain.Let Q $ and Q P betheboundariesof $ and

P , respectively. To obtainaharmonicmapfrom $ to P , we
needto determinethemappingfrom Q $ to Q P .

If the userhaspickedfour verticeson a meshto specify
theeditingarea$ , thoseverticesaremappedto thecorners
of Q P . The remainingverticeson Q $ betweenthe picked
verticesarethenpositionedon the correspondingedgesofQ P , wherethe distancesbetweenthemon Q $ arepropor-
tional to thoseon Q P . Whenthreeor morethanfour vertices
havebeenpickedto specify $ , wesimplychooseoneof the
pickedverticesandmapit to a cornerof Q P . The vertices
on Q $ arethenpositionedon Q P sothat their distancesonQ $ from the chosenpickedvertex areproportionalto the
correspondingdistanceson Q P .

Fig. 2 shows an exampleof the 2D embedding.In Fig.
2(a),theshadedregionis aneditingareaselectedonamesh.
Fig. 2(b)showstheembeddingof theeditingareaontoa2D
rectangle.

(a)aneditingarea

(b) theembeddingof (a)

Figure2: Aneditingareaandits embeddingto a rectangle.

5. Interpolation of Editing Inf ormation

Supposethat an editingarea $ hasbeenspecifiedandem-
beddedontoa rectangleP . In aneditingoperation,theuser
changesthe positionsof vertices

C @ in an editing primi-
tive. At eachvertex

C @ , the positionchangeis convertedto
a 3D offset vector, R+S @ - * R+T @ H R#U @ H R#V @ , , by using the
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local frame. The 3D offset vectors X+Y Z are then mapped
to the points [ Z in \ that correspondto vertices ] Z . To
propagatethe 3D offsets X+Y Z to the otherpoints in \ , we
constructthreesmoothsurfacesthatrespectively interpolateX+^ Z , X#_ Z , and X#` Z . In this section,we only considerthe
interpolationof X+^ Z . X#_ Z and X#` Z canbe handledin the
sameway.

Given offsets X+^ Z at scatteredpoints [ Z in \ , we need
to derive a real value function a definedon \ such thata�b [ Z c d&X+^ Z . This is thewell known scattereddatainterpo-
lationproblem.Thereareseveralapproachesto theproblem:
Shepard’s method,radialbasisfunctions,thin platesplines,
andfiniteelementmethods.For moreinformation,thereader
is referredto thesurvey by FrankeandNielson25.

In this paper, we usemultilevel B-splineinterpolation5 to
obtainthe function a from scatteredoffsets X+^ Z . Thereare
severalreasonsfor this choice.First, thetechniquerunsfast
enoughto supportinteractive editing. Second,it provides
a simple way to implementmultiresolutionediting. Third,
with this technique,we can easily fix the boundaryof an
editingarea.

5.1. Multile vel B-spline interpolation

TheoffsetsX+^ Z atscatteredpoints[ Z�d�b e Z f ] Z c in a rectan-
gle \ canbe consideredasa setof 3D points b e Z f ] Z f X+^ Z c
over \ . Multilevel B-spline interpolationgeneratesa g�h -
continuoussurfacethat passesthrough the scattered3D
points5. The techniqueis basedon the B-spline approxi-
mationthat efficiently determinesa control lattice by min-
imizing a local approximationerror for eachcontrol point.
It makesuseof a coarse-to-finehierarchyof control lattices
to generatea sequenceof B-splinesurfaceswhosesumap-
proachesthedesiredinterpolationsurface.Thesumof these
surfacesis reducedinto oneequivalentB-splinesurfaceby
usingB-splinerefinement.

Theshapeof theresultingsurfaceis affectedby thesizeof
thecoarsestcontrol lattice in thehierarchy. Fig. 3 showsan
example.Let b ikj lEm c n+b ikj lEm c bethesizeof thecoarsest
control lattice.For the datapointsgiven in Fig. 3(a),Figs.
3(b), (c),and(d) show thechangesin thesurfaceshapewith
differentvaluesof ikj . When ikj is small,theeffectsof data
pointsareblendedtogetherto yield asmoothsurfaceshape.
With a large ikj , theinfluencesof datapointsarelimited to
smallneighborhoods.

5.2. Influenceareacontrol

Whenwe usemultilevel B-splinesto generatean interpola-
tion function a over a rectangle\ , the influenceareaof an
offset X+^ Z is determinedby thesizeof thecoarsestcontrol
lattice.Theinfluenceareadirectly relateswith theinfluence
areaof aneditingprimitive in aneditingoperation.Although
thelatticesizecanbeusedto intuitively controltheinfluence

(a)givendata (b) ikj�d�o

(c) ikj�d�p (d) ikj�drq s
Figure3: Surfaceshapechangescausedbydifferentsizesof
thecoarsestcontrol lattice.

area,it is anintegeranddoesnotsupportacontinuousscale
parameterbetweenzeroandone.To provide theuserwith a
continuousscaleparameter, we usethe linear interpolation
of functions a thataregeneratedwith two consecutivesizes
of thecoarsestcontrol lattice.

Let t be the numberof levels in a control lattice hierar-
chy, where u�j and uwv are the coarsestand finest control
lattices,respectively. Let b iExylkm c�nEb iExwl.m c be the size
of a control lattice uwx . In this paper, we use ikj�dzq andiEx { j d�| iEx for thesizesof control latticesin thehierar-
chy. Let a x betheinterpolationfunctionthatis generatedby
usingmultilevel B-splineswith asubsetof thecontrollattice
hierarchyfrom uwx to uwv . Wealsodefineafunction a v { j that
hasvalues X+^ Z at scatteredpointswhereoffset vectorsare
assignedandis zeroelsewhere.

Now we divide the interval } ~ f q � into t uniform subin-
tervals. Then,a function a x is matchedto the value � x#dv ��x { jv of the scaleparameter, for ��d�q f | f � � � t l�q . For
the parametervaluesother than � x , functions a x are lin-
early interpolated.Thatis, for aparametervalue � suchthat� x+�&�w��� x { j ,

a �&d�b q���� c � a xwlk� � a x { j f
where � d � � � �� � � � � � � .

Fig. 4 showsexamples.We haveusedacontrollatticehi-
erarchywith six levels to generatethe surfacesin Fig. 3.
Then,thesurfacesin Figs.3(b),(c),and(d) correspondto the
scaleparametervalues ��d(h� f jh f j� , respectively. Fig. 4(a)
showsthesurfacea � for ��d��j h , which is theaverageof the
surfacesin Figs.3(b) and(c). In Fig. 4(b), thescaleparame-
ter � is �j h .
5.3. Boundary fixing

In an editing operation,the boundaryof an editing area �
is requiredto remainfixed.Let \ betherectangleon which
thearea� hasbeenembedded.Let a bethefunctionthatin-
terpolatesscatteredoffsetsX+^ Z over \ . To supportthefixed
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(a) ������ � (b) ������ �
Figure4: Surfaceswith differentscaleparameters.

boundaryof area � , the value of � shouldbe zero at the
boundaryof � .

The function � obtainedby multilevel B-splineinterpo-
lation is a uniform cubic B-spline function definedwith
the finestcontrol lattice �w� 5. Let   ¡E� ¢k£ ¤�¥�  ¡E� ¢k£ ¤ be
the size of �w� . Let ¦ § ¨ be the value of the © ª -th control
point for © « ª��r¬�­ « ® « ¯ ¯ ¯ « ¡E� ¢.­ . Detailsof thecontrol lat-
tice placementcan be found in reference5. We cansimply
makethe valuesof � be zeroat the boundaryof � by as-
signingzero to boundaryrows and columnsof lattice �w� .
That is, ¦ § ¨E�°® for ©w�±¬�­ « ® « ­ « ¡E� ¬�­ « ¡E� « ¡E� ¢r­ orª+�z¬�­ « ® « ­ « ¡E� ¬�­ « ¡E� « ¡E� ¢&­ . The resulting � may not
interpolatean offset ²+³ § nearthe boundaryof � , but it is
still ´ � -continuous.Fig. 5 shows the modifiedversionsof
the surfacesin Figs.3(b) and(c), which have fixed bound-
aries.

(a) ¡ � ��µ (b) ¡ � ��¶
Figure5: Surfaceswith fixedboundaries.

6. Examples

Fig. 6 illustratestheeditingprocessthathasbeenperformed
to generatethe meshediting examplesin Fig. 7. In Fig.
6(a), the gray region is the selectedediting area.Fig. 6(b)
shows the verticesselectedas an editing primitive, where
they arecoloredin black.Figs.6(c) and(d) show theinitial
andmovedpositionsof theeditingprimitive, respectively.

Fig. 7 showstheresultsof themesheditingprocessgiven
in Fig. 6. Theseresultsdemonstratetheeffectsof thescale
parameterandlocal frameson the updatedmesh.Fig. 7(a)
shows theoriginal mesh.In Fig. 7(b), thenoseof themesh
hasbeenchanged,wherethe scaleparameter� is 0.75and
thesamelocal frameis usedfor all vertices.Whenthescale
parameter� isdecreasedto0.25,weobtaintheupdatedmesh
in Fig.7(c),whichhasanarrowernosethanthatof Fig.7(b).
Fig. 7(d) showstheresultwhen � is 0.5andthelocal frames
basedon normalvectorsareused.In this case,the editing
operationhasmoved the verticesin the editing areaalong
differentdirections.

Fig. 8 showsanothermesheditingexamplesgeneratedby
usingthe original meshin Fig. 7(a). In Figs.8(a) and(b),
meshediting hasbeenusedto pull out the left eye andto
openthemouthof theface,respectively.

Table1 summarizesthesizesof theeditingareasandedit-
ing primitives usedfor generatingthe examplesin Figs. 7
and8. It alsocontainstheprocessingtime for harmonicem-
beddingandeditingoperation,whichhasbeenmeasuredon
aPC(PentiumII 400MHz).Theprocessingtime for editing
operationincludesall thestepsthatarerequiredto obtaina
updatedmeshwhena usermovesan editing primitive: 3D
offset computationat an editing primitive, offset interpola-
tion, and vertex positionupdateswith interpolatedoffsets.
The performancevaluesin Table1 show that the technique
proposedin thispaperrunsfastenoughto supportinteractive
meshediting.

7. Conclusions

In this paper, we have presenteda novel approachto mesh
editing that supportsdirect manipulation,multiresolution
editing,editing areacontrol, arbitrarymeshhandling,intu-
itive response,andinteractiveediting.Theapproachis based
on harmonicmapsandmultilevel B-splineinterpolation.A
harmonicmapis usedto embedan editing areaonto a 2D
rectangle.User-specifiedediting informationat severalver-
ticesis propagatedall overtheeditingareaby applyingmul-
tilevel B-splineinterpolation.

Futurework mainly relateswith the2D embeddingof an
editingarea.Theintuitivenessof aneditingresultcanbeen-
hancedby anembeddingtechniquethatpreservestheratios
of edgelengthsin theinteriorof aneditingarea.A harmonic
mapis guaranteedto havethispropertyonly at theboundary
of aneditingarea.
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(a)editingarea (b) editingprimitive

(c) initial positionof editingprimitive (d) movedpositionof editingprimitive

Figure6: Theeditingareaandeditingprimitiveusedto generatethemesheditingexamplesin Figs.7.

# of vertices # of faces # of vertices processingtime for processingtime for
in editingarea in editingarea in editingprimitive harmonicembedding editingoperation

nose 530 992 6 266millisecs 31 millisecs

eye 294 550 5 125millisecs 30 millisecs

mouth 358 663 8 139millisecs 32 millisecs

Table1: Performancevaluesfor themesheditingexamplesin Figs.7 and8.
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(a)originalmesh (b) scaleparameterº�»�¼ ½ ¾ ¿

(c) scaleparameterº�»&¼ ½ À ¿ (d) local framesbasedon normalvectors

Figure7: Mesheditingexamples,wherethenosehasbeeneditedwith differentscaleparametersandlocal frames.

(a) (b)

Figure8: Meshediting(a) to pull out theleft eyeand(b) to openthemouth.
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