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Abstract
The periodicity of a texture is one of its important visual characteristics. The inertias of co-occurrence matrices of the
texture have been often used to detect the visual periodicity. However, it is time-consuming to explicitly construct these
matrices. In this paper, we propose the distance matching function to avoid constructing the matrices due to our new
interpretation of an inertia. For a texture of size m  n, the inertias of all co-occurrence matrices can be obtained in
O mn log mn time by simultaneously evaluating the function at all displacement vectors. This is a signi®cant improvement over the previous method using the co-occurrence matrices, that requires O m2 n2  time. Ó 1999 Elsevier
Science B.V. All rights reserved.
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1. Introduction
The periodicity of a texture is one of its important visual characteristics. Indicating how textural patterns
are repeated in the texture, it has been often used as a measure for texture discrimination at the structural
level. A regular texture such as wallpaper can be generated by tiling its motif, that is, a minimal repeating
region of the texture. Therefore, the motif gives a compact representation of the texture. Since the motif of
a texture can be determined from its periodicity, knowledge of the periodicity is particularly useful for
wallpaper design and compression (Stevens, 1991).
The conventional methods such as the Fourier transform and auto-correlation analysis may be employed to detect the periodicity of a texture of in®nite size. Given such a texture, we can determine its
periodicity from the distribution of impulses of its Fourier spectrum (Soliman and Srinath, 1990). For a
periodic texture of ®nite size, a similar idea would be applied to detect its periodicity if the size were
suciently large. In practice, periodic textures hardly meet this condition. Thus, the Fourier transform is
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not suitable for detecting the textural periodicity. Similarly, auto-correlation analysis does not work, either,
in such a case (Proakis and Manolakis, 1988).
It is well-known that second-order statistics play an important role in texture discrimination (Julesz,
1975). Each of these statistics represents a geometric relationship between every pair of points of a texture
in a certain manner. A co-occurrence matrix has been commonly used to eectively obtain such statistics
(Haralick, 1979; Tomita and Tsuji, 1990). There are three measures, based on co-occurrence matrices, such
as v2 statistics, j statistics and inertias, that have been used to identify the periodicity of a texture of ®nite
size. The weakness of v2 statistics has already been pointed out by Parkkinen et al. (1990): If there exists
exactly one non-zero element on every row and column of a co-occurrence matrix, then its normalized v2
value has the maximum value of unity. Thus, v2 statistics fail to detect the textural periodicity in such a
case. For j statistics and inertias, their ability to detect the textural periodicity has been shown by Parkkinen et al. (1990) and Conners and Harlow (1980), respectively. These methods ®rst compute co-occurrence matrices for certain displacement vectors and then calculate their measures from these matrices.
However, given a texture of size m  n, it takes O m2 n2  time to compute co-occurrence matrices for all
displacement vectors. This seems unacceptable in practice if the texture size is large.
In this paper, we ®rst propose a distance matching function that can replace the inertia of a co-occurrence matrix. Given a texture and a displacement vector, the function value of the texture with respect to
the vector is equivalent to the inertia of its corresponding co-occurrence matrix. We then present an ecient
method to evaluate the function. For a texture of size m  n, all the function values can be computed in
O mn log mn time. This is a signi®cant improvement over O m2 n2  time to evaluate the inertias of all cooccurrence matrices.

2. Distance matching function
A texture can be de®ned as a bivariate function f . The function value f x; y represents the gray level at
position x; y. Let Pv be the co-occurrence matrix with displacement vector v. The element of Pv at s; t is
denoted by Pv s; t. Given a displacement vector v  vx ; vy , Pv s; t gives the number of pixel pairs, ux ; uy 
and wx ; wy , satisfying the following conditions: (i) f ux ; uy   s and f wx ; wy   t, (ii) ux  vx  wx and
uy  vy  wy . The size of Pv is Q  Q, where Q is the number of gray levels in the texture. From the cooccurrence matrix, various kinds of texture features can be extracted to characterize the structure of the
texture (Ballard and Christopher, 1982; Peckinpaugh, 1991; Tomita and Tsuji, 1990).
A texture f is periodic with period v  vx ; vy  if and only if f x; y  f x  vx ; y  vy  for all x and y.
Note that since f has a ®nite size, the equality of f x; y  f x  vx ; y  vy  is examined in the region where
both f x; y and f x  vx ; y  vy  are properly de®ned. If f is periodic with v  vx ; vy , then Pv is a diagonal
matrix. Moreover, Pv0 is also diagonal for any v0  avx ; bvy , where a and b are integers (Conners and
Harlow, 1980; Parkkinen et al., 1990; Zucker and Terzopoulos, 1980). In reality, textural patterns are
hardly periodic because of their inherent noise. However, nonzero elements in Pv tend to be concentrated
along the main diagonal for some v if the texture looks periodic. Therefore, co-occurrence matrices can also
be used to detect the visual periodicity of noisy textures.
Let Pv be the co-occurrence matrix with displacement vector v  vx ; vy  over a texture f . Then, the
inertia of Pv is de®ned as
I Pv  

Qÿ1 X
Qÿ1
X

2

s ÿ t Pv s; t;

1

s0 t0

where Q is the number of gray levels in f (Conners and Harlow, 1980; Peckinpaugh, 1991). The normalized
inertia In Pv  is obtained by dividing I Pv  with the sum of elements in Pv . That is,
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1 XX
2
s ÿ t Pv s; t;
2
N s0 t0
PQÿ1 PQÿ1
where N  s0
t0 Pv s; t:
T
T
for all v, where Pÿv
is the transpose of Pÿv . Therefore, both Pv and Pÿv have the
Notice that Pv  Pÿv
same inertia value. This property makes it sucient to consider only the case v  vx ; vy  for vy P 0 in
computing I Pv  and In Pv .
In order to derive a new representation of Eq. (1), we ®rst consider a one-dimensional texture g of size m
and its co-occurrence matrix Pv . From Eq. (1), we have
Qÿ1 Qÿ1

In Pv  

Qÿ1 X
Qÿ1
X

I Pv  

s ÿ t2 Pv s; t:

3

s0 t0

Pv s; t can be rephrased by
Pv s; t 

mÿvÿ1
X
i0

where
dvs;t i 



dvs;t i;

4

1

if g i  s and g v  i  t;

0

otherwise:

5

From Eqs. (3) and (4), we then obtain
I Pv  

Qÿ1 X
Qÿ1
X

s ÿ t

dvs;t i

Qÿ1 X
Qÿ1 mÿvÿ1
X
X
2
jg i ÿ g v  ij dvs;t i
s0 t0



mÿvÿ1
X
i0

s0 t0



2

mÿvÿ1
X
i0

6
7

i0

2

jg i ÿ g v  ij

Qÿ1 X
Qÿ1
X
dvs;t i:

8

s0 t0

Let a distance matching function d for g be de®ned as follows:
d x 

mÿxÿ1
X

jg i ÿ g x  ij2 :

9

i0

Since

PQÿ1 PQÿ1
s0

t0

I Pv   d v:

dvs;t i  1, we obtain
10

For example, consider g  f0; 1; 3; 2; 0; 1; 1; 2; 0; 1; 2; 2g. Fig. 1(a) shows the contents of P1 and the value
of I P1 . For clarity, only nonzero elements are explicitly shown in P1 . In Fig. 1(b), d 1 has the same value
as I P1  by computing the sum of squared dierences between g i and g 1  i.
Since the sum of the elements in Pv is m ÿ v, the normalized inertia measure In Pv  can be expressed by
1= m ÿ vd v. That is, I Pv  and In Pv  over a texture g can be given by
jmk
I Pv   d v for v  0; . . . ;
;
11
2
jmk
1
d v for v  0; . . . ;
;
12
In Pv  
mÿv
2
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Fig. 1. Computation of I P1  and d 1 for g  f0; 1; 3; 2; 0; 1; 1; 2; 0; 1; 2; 2g:

respectively, where m is the size of g. The upper bound of v to compute d v and dn v is bm=2c because a
period cannot exceed half of the size of a given one-dimensional texture.
Now, we extend this observation to the case of a two-dimensional texture f of size m  n. We de®ne a
two-dimensional normalized distance matching function dn for f :

dn1 x; y
for x  0; . . . ; bm2 c; y  0; . . . ; bn2c;
13
dn x; y 
dn2 ÿx; y for x  0; . . . ; ÿbm2 c; y  0; . . . ; bn2c;
where
dn1 x; y 

mÿxÿ1
X
X nÿyÿ1
1
jf i; j ÿ f x  i; y  jj2 ;
m ÿ x n ÿ y i0 j0

14

dn2 x; y 

mÿxÿ1
X
X nÿyÿ1
1
2
jf m ÿ 1 ÿ i; j ÿ f m ÿ 1 ÿ i ÿ x; y  jj :
m ÿ x n ÿ y i0 j0

15

As shown in Fig. 2, dn computes the average of squared dierences of pixel values over the region where the
two copies of f overlap.
In Pv  with displacement vector v  vx ; vy  is dn1 vx ; vy  when vx P 0 and vy P 0. For vx 6 0 and vy P 0,
In Pv  with v  vx ; vy  is dn2 ÿvx ; vy . That is,
In Pv   dn vx ; vy ;

for vx  ÿbm=2c; . . . ; bm=2c and vy  0; . . . ; bn=2c:

16

For a special case, if we detect the horizontal periodicity of f , then we have v  vx ; 0. Accordingly, dn can
be simpli®ed as

Fig. 2. Computation of dn x; y:
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dn vx ; 0 

mÿv
nÿ1
jmk
x ÿ1 X
X
1
jf i; j ÿ f vx  i; jj2 ; for vx  0; . . . ;
:
m ÿ vx n i0 j0
2
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Similarly, for the vertical periodicity, we have
dn 0; vy  

y ÿ1
mÿ1 nÿv
jnk
X
X
1
jf i; j ÿ f i; vy  jj2 ; for vy  0; . . . ;
:
m n ÿ vy  i0 j0
2

18

3. Ecient evaluation of all distance matching functions
We consider how to eciently evaluate dn x; y for all vectors x; y. dn1 x; y can be rearranged as
dn1 x; y 

1
p x; y ÿ 2q x; y  r x; y;
m ÿ x n ÿ y

where
p x; y 

mÿxÿ1
X
X nÿyÿ1
i0

q x; y 

19

f i; jf x  i; y  j;

20

f 2 x  i; y  j:

21

mÿxÿ1
X
X nÿyÿ1
i0

r x; y 

f 2 i; j;

j0

j0

mÿxÿ1
X nÿyÿ1
X
i0

j0

Function p can be expressed as
p x; y  p x  1; y  p x; y  1 ÿ p x  1; y  1  f 2 m ÿ x ÿ 1; n ÿ y ÿ 1;

22

for x  0; . . . ; m ÿ 1 and y  0; . . . ; n ÿ 1, where p m;   0 and p ; n  0. Using Eq. (22), we can incrementally compute p x; y for all x; y starting from the top-right corner, m ÿ 1; n ÿ 1. In a similar way, all
values of r can be computed incrementally.
Function q is the autocorrelation of f . From the correlation theorem (Gonzalez and Woods, 1992), it can
be eectively computed in the frequency domain. That is,
q x; y  f x; y  f x; y () F u; vF u; v;

23

where F is the Fourier transform of f and F is the complex conjugate of F. From Eq. (23), we can
evaluate q by computing the inverse Fourier transform of F F.
Now we consider how to compute dn2 x; y. Let f 0 x; y  f m ÿ x ÿ 1; y (i.e., f 0 is the vertical re¯ected
texture of f ). Therefore,
dn2 x; y 

mÿxÿ1
X
X nÿyÿ1
1
2
jf 0 i; j ÿ f 0 x  i; y  jj ;
m ÿ x n ÿ y i0 j0

24

which has the same form as dn1 x; y. Thus, we can compute dn2 x; y in the same way as that of dn1 x; y.
Eqs. (17) and (18) have simpler form than dn1 x; y and can be computed in a similar way.
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We can incrementally compute p x; y and r x; y at all x; y in O mn time. q x; y can be evaluated at all
x; y in O mn log mn time by using the fast Fourier transform (FFT). Therefore, it takes O mn log mn
time to compute dn1 x; y at all x; y. dn2 x; y can also be evaluated within the same time bound. We can
also compute Eqs. (17) and (18) in O mn log m and O mn log n time, respectively.
4. Experiments
We perform experiments to show how well our method works. We apply our method to the two textures,
given in Fig. 3(a) and (c). These textures are scanned from the books by Grafton (1992) and Martin (1982).
We compute inertias of co-occurrence matrices with displacement vectors v  vx ; vy , vx 
ÿbm=2c; . . . ; bm=2c and vy  ÿbn=2c; . . . ; bn=2c for each texture, where m  n is the size of the texture.
Fig. 3(b) and (d) gives plots of the inertias for the textures in Fig. 3(a) and (c), respectively. Each point in
the former ®gures represents a displacement vector, and its intensity is set to be proportional to the inertia
value for the vector. As observed in Fig. 3(b) and (d), the textures in Fig. 3(a) and (c) have orthogonal and
non-orthogonal displacement vectors, respectively, that represent textural periods. Since the inertia values
at those displacement vectors are locally minimal, we can extract such vectors by properly thresholding the
inertia values. Our method can compute periods of textures in both orthogonal and non-orthogonal cases.
Fig. 4 shows plots of computation times for two measures, j statistics and inertias. The experiment is
performed on a Silicon Graphics Indigo 2 workstation with an R10000 processor and 128 Mbytes RAM.

Fig. 3. Two textures and plots of each of the inertias. (a) A texture. (b) Plot of inertias. (c) A texture. (d) Plot of inertias.

Fig. 4. Time comparison: j statistics (a) computed from co-occurrence matrices and inertias; (b) computed using the distance matching
function.
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For a texture of size m  m, we compute j statistics of co-occurrence matrices for all displacement vectors
after quantizing the texture to have four gray levels. On the other hand, we compute inertias of the same
texture using the distance matching function. We measure each of their computation times in seconds. As m
increases, the computation time of j statistics grows rapidly, while that of inertias grows very slowly. The
time for computing v2 statistics shows the same behavior as that for computing j statistics because the time
for constructing co-occurrence matrices dominates the rest of computation time. The experimental results
support that our proposed method outperforms co-occurrence matrix-based methods.
5. Conclusion
It is time-consuming to determine the textural periodicity using co-occurrence matrices. In this paper, we
®rst proposed a distance matching function that can be driven directly from a texture. Given a displacement
vector, the function value with respect to the vector is equivalent to the inertia of the corresponding cooccurrence matrix. Employing the correlation theorem (Gonzalez and Woods, 1992), we then showed that
this function can be evaluated at all positions over a texture in O mn log mn time. This is a signi®cant
improvement over computing inertias of all co-occurrence matrices, which requires O m2 n2  time.
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