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Abstract

Uniform cubic B-spline functions have beenused for
mappingfunctionsin various areassud as imagewarp-
ing and morphing,3D deformation and volumemorphing
Theinjectivity (one-to-oneproperty)of a mappingfunction
is importantto obtaingoodresultsin theseareas. This pa-
per considerghelocal injectivity conditionsof 2D and 3D
uniform cubic B-splinefunctions. We proposea geometric
interpretationof the local injectivity of a uniform cubic B-
splinefunction,with which 2D and3D casesanbehandled
in a similar way. Basedon thegeometridnterpretation,we
presentsuficientconditionsfor thelocal injectivitythatare
representedn termsof control point displacementsThese
suficientconditionsare simpleand easyto ched and will
be usefulto guaranteethe injectivity of mappingfunctions
in applicationareas.

1. Intr oduction

Mapping functionsthat transformcertaindomainsinto
themselesarewidely usedin computergraphics.n image
warpingandmorphing,animageis distortedby a 2D map-
ping functionthatgivesa new positionfor eachpointin the
image[14]. In deformationtechniquessuchas free-form
deformationq12], 3D mappingfunctionsare usedto de-
terminethedeformedpositionsof objectpoints. In volume
morphing,userspecifiedfeaturesare alignedby distorting
givenvolumeswith 3D mappingfunctions[2, 10].

In theseareasthe injectivity (one-to-oneproperty)of a
mappingfunction is importantin orderto obtaingoodre-
sults. In imagewarpingandmorphing,if a mappingfunc-
tion is notinjective, theresultingdistortedimagemay con-
tain undesirablevrinkles becausepartsof the original im-
agefold uponnearbyparts. Seseral techniquesave been
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developedto generatdnjective mappingfunctionsfor im-
agewarpingandmorphing[3, 7, 8, 9]. In deformatiortech-
niguestheinjectivity of amappingfunctionguaranteethat
no self-intersections introducedto anobjectin the defor
mationprocessin volumemorphing thereis no ambiguity
in determininghe voxel valuesof a distortedvolumeif the
mappingfunctionis injective.

Due to their local control propertyand simplicity, uni-
form cubic B-splinefunctionshave beenusedfor mapping
functionsin image morphingand 3D deformation. A 2D
uniform cubicB-splinefunctionis definedby applyinguni-
form cubicB-splinebasego 2D controlpointsin a2D con-
trol lattice. Similarly, a 3D uniform cubic B-spline func-
tionis determinedy a 3D parallelepipedontrollatticethat
consistof 3D controlpoints. Notethateachof the 2D and
3D B-splinefunctionsis differentfrom a B-splinesurface,
whichis afunctionfrom 2D to 3D obtainedby a 2D control
lattice with 3D control points. Lee et al. used2D B-spline
functionsto efficiently generatenappingunctionsin image
morphing[8, 9]. 3D B-splinefunctionshave beenadopted
to developdirectmanipulatiortechniquegor free-formde-
formationg[5, 6].

To obtaininjective mappingfunctionsin imagemorph-
ing, Lee et al. presentedh sufiicient conditionfor the in-
jectivity of a 2D uniform cubic B-spline function [8, 9].
Thesufficientconditionprovidesasingleboundfor thedis-
placement®f control pointsthat guaranteegheinjectivity
of a 2D B-splinefunction. However, this conditioncannot
handlethe casein which someof control point displace-
mentsareabove the boundandthe othersarefar belov the
boundbut the resultingfunction is still injective. Good-
manandUnsworthproposed sufiicient conditionfor a 2D
Béziersurfaceto be injective [4], which canbe appliedto
a 2D B-splinefunction. For anm x n lattice of control
points,theconditioncontain®2m(m + 1) + 2n(n + 1) lin-
earinequalities.Unfortunatelywhenthe numberof control
pointsis large,thetime to checkthe conditionbecomegpro-



hibitive. Althoughit couldbe usefulin 3D deformatiorand
volumemorphing,therehasbeenno researcton aninjec-
tivity conditionfor a 3D B-splinefunction.

In this paper we considerthe injectivity conditionsof
2D and3D uniform cubic B-splinefunctions. We first pro-
posea geometricinterpretationof the injectivity of a 2D
B-splinefunction. Basedon this geometricinterpretation,
we obtainnovel suflicient conditionsfor the injectivity of
a 2D B-splinefunction. The suflicient conditionsarerep-
resentedy inequalitiesof control point displacementand
cover more casesthan the previous result[8, 9]. To ex-
aminethe injectivity condition of a 3D B-spline function,
which hasnot beenexploredyet, we expandthe geometric
interpretatiorof injectivity to 3D. Sufficient conditionsfor
theinjectivity of a 3D B-splinefunction arethenobtained,
which arealsorepresentetby inequalitiesof control point
displacements.

The remainderof this paperis organizedasfollows. In
Section2, we review the mathematicapreliminaries.Sec-
tions 3 and4 considerthe injectivity conditionsof 2D and
3D B-spline functions, respectrely. Section5 concludes
this papermwith futurework.

2. Mathematical Preliminaries

Let /', bea 2D uniform cubic B-splinefunctiondefined
with an(m + 3) x (n + 3) controllattice®. FunctionFs
consistof m x n 2D patchesgachof whichis determined
by 4 x 4 controlpointsin 2. Theinjectivity of function F»
maybeviolatedin two casesFirst,aglobalviolation of the
injectivity happensvhenapartin apatchof F; intersecta
separatgartin thesamepatchor anothempatch.Dueto the
convex hull propertyof B-splines,this global violation is
possibleonlyif controllattice® containsaself-intersection.
Secondtheinjectivity may beviolatedlocally amongcon-
nectedpartsin a patcheventhoughcontrollattice ® is not
self-intersecting.Although it is counterintuitize that a B-
splinefunction may not be injective whena control lattice
doesnotself-intersectl eeetal. have shavn anexampleof
suchconfiguration9].

In applicationsof B-spline functionssuchas morphing
and deformation,the global violation of injectivity is not
allowedin mostcasesandcanbe preventedby usingself-
intersection-freeontrol lattices. Hence,in this paper we
focuson thelocalinjectivity of a B-splinefunction, which
cannotbe determinedy checkingthe self-intersectiorof a
controllattice.

Whenwe investigatesufiicient conditionsfor the local
injectivity of function F, it is sufiicient to consideronly
onepatchof F, becauséhesameconditionscanbeapplied
to all otherpatchesWithoutlossof generalitywerepresent
a 2D uniform cubic B-splinefunction by a patch -, which

is definedby
f2(u’v) = (a:,y) 1)
3 3
= > > Bi(u)Bj(v)es,
i=0 j=0

where0 < u,v < 1. Uniform cubic B-splinebasisfunc-
tions, By, By, B2, and B3, aredefinedby

Bi(u) = 7%3_2“2—1—4,
Bou) = —3u3-|-3u62—|-3u—|-1’
Bs(u) = %3,

where0 < u < 1. ¢;; = (2i5,¥i5), 4,7 =0,1,2,3,ared x
4 control pointsthat determinefunction f,. Similarly, we
represent 3D uniform cubic B-splinefunction by a patch
f3, whichis definedby

fa(u,v,w) = (2,9, 2) (2

= D DD Bi(u)B;(v) Bi (w) i,

1=0 j=0k=0

wherel < u,v,w < 1.

Functionf, is locally injectiveif andonly if its Jacobian
matrix is nonsingulaill over thedomain[1]. TheJacobian
matrix of f» is definedby

oz 2z
J(fa) = [g_;; gZ]~
du v
It is known thata squarematrixis nonsingulaif andonly if
its row vectorsarelinearly independenf13]. Hence func-
tion f; is locally injective if andonly if two 2D vectors,
(&2, 92y and(g¥, 2¢), arelinearlyindependentThe Jaco-
bianmatrix of function f5 is definedby

or Oz ox
du v Qw

— oy  dy Oy

Jfs) = | 5 & G
8z 9z 9z

du v dw

Functionfs is locally injective if andonly if three3D vec-

dx dx Ox Jy 9y dy dz Hz 8z H
1018, (Gu s g+ o) (s 50> 5u)» (5, 575 7)), arelin-

earlyindependentln Sections3 and4, theseconditionsare
interpretedyeometricallyto obtainsuficient conditionsfor
thelocalinjectivity of functionsf, andfs, respectiely.
Thefollowing propertief uniformcubicB-splinebasis
functionsandtheir derivativesareusedin latersections.



e Bi(u) >0,fori =0,1,2,3

« YL Biw)=1

° Bl(u) IBg_i(l—U),foriIO,1,2,3
o S0 Bl(u)] = —2u% 4 2ut 1< 2

e Bl(u)=—B,_;(1—u),fori=0,1,23

3. Local Injectivity Conditions of 2D B-spline
Functions

In this section,we first proposea geometricinterpreta-
tion of thelocalinjectivity conditionof a 2D uniform cubic
B-splinefunction f,. Thetwo row vectorsin the Jacobian
matrix J(f2) aremappedo two regionsin R? suchthat f-
is locally injective if noline simultaneouslypasseshrough
the origin andthe two regions. We then obtain sufiicient
conditionsfor thelocalinjectivity of f» by computingcon-
trol pointdisplacementthatguarantesucha configuration
of thetwo regions.

3.1.Geometricinterpr etation of 2D local injectivity

Let f» bea 2D uniform cubic B-splinefunctiondefined
by Eqg. (1). Theinjectivity of function £ is determinedy
the configurationof the 4 x 4 control points ¢;;, 7,j =
0,1,2,3. Wheng;; equals¢y; = (i — 1,5 — 1) forall i, 5,
function f, is reducedto an identity function. Let A¢;;
be the displacemenbf control point ¢;; from ¢>?j, thatis,
A¢ij = (f)ij — ?j = (Al‘ij,Ayij). Then,functionfz can
berepresentedly

3 3
Foluv) = (w,0)+ > Bi(u)Bj(v)Ady;.
i=0 j=0
Now we have
. 3 3
3 = 1—|—ZZD%(U,0)A$U,
i=0 j=0
O 3 3
9 = ZZij(u,v)Axij,
i=0 j=0
oy 3 3
= ZZD%(U,U)A@/U’,
i=0 j=0
oy 3 3
5 = 1+ZZij(u,v)Ayij,
i=0 j=0

where D (u,v) =

B; (u)B} (v).

Bj(u)Bj(v) and D}j(u,v) =

Let Q, be a rectangulardomainin R? that contains
points (u, v) suchthat0 < w,v < 1. Letr; = (3£, 2L)
andr, = (5%, 2¢) denotethe row vectorsof Jacobiarma-
trix J(f2). Notethatr, andr, arefunctionsfrom 2, to
R? thatdependon v andwv. Functionf is locally injective
all overthe domain2, if andonly if vectorsr; andr- are
linearlyindependentor each(w, v) in €.

A 2D vector (z, y) canbe interpretedasa point (z, y)
in R2. In thefollowing, we interchangeablysea 2D vec-
tor and a pointin R?. Two different2D vectors(z1, y1)
and(z2, y2) arelinearlyindependenif andonly if theline
passingthroughthe two points (zy, y1) and (zs, y2) does
not intersectthe origin. Hence,function f; is locally in-
jective over €2, if andonly if noline simultaneouslypasses
throughthe origin, »1, andr, for ary (u, v) in Q.

Let Sy (c, ) bearegionin R? definedby

52(6,6) = {(1‘—|—Cx,y+cy)|

3 3 3 3
w=3 S D)y =y 3 Dhlu,v)d5),

i=0 j=0 =0 j=0

wheree = (cz,¢y), 6] < 6, and0 < w,v < 1. Let
er = (1,0) ande, = (0,1). Then, Sy(e1,d,) is the
setof all possiblevaluesof »; from the configurationsof
control points ¢;; that satisfy |Az;;| < 4d,. Similarly,
Sy (es, 6y) containsall possiblevaluesof r, underthe con-
straint|Ay;;| < d,. Fig. 1 shovs a schematiaiagramof
52(61,(%) andSz(ez, 6y)

Sa(e2:8,)

&V

Figure 1. A schematic diagram of S;(e1,dy)
and 52(62,(53/).

Letd, = max{|Az;;|} andd, = max{|Ay;;|}. Then,
for ary (u,v) in 4, r; andr, arecontainedn Ss(eq, d;)
and S, (e2, d,), respectiely. Supposehat no line simul-
taneouslyintersectsthe origin, Sz (e1, d5), and Sz (e, )



asshawvn in Fig. 1. In this casefor each(w, v) in 22, no
line cansimultaneoushpasseshroughthe origin, 1, and
r» andhencefunction £ is locally injective. The follow-
ing lemmasummarizeghe relationshipof Sz (e, d,) and
Sy (es, 6y) with thelocalinjectivity of function f5.

Lemmal Function f, is locally injectiveall overthe do-
main if no line simultaneoushpasseshroughthe origin,
52(61, (Sx), andSz(ez, 6y)

To determinghevaluesof §,, andd,, thatsatisfythecon-
ditionin Lemmal, it is necessaryo representhe shapeof
Sa(c,d) in termsof ¢ andd. Sinceit is noteasyto analyze
the exact shapeof Sz (¢, d), we find two simpleregionsin
R? thatinclude S»(c, §). Theshapeof Sz (c, §) canthenbe
approximatedby theintersectiorof the two regions.

3.2.Bounding regionsof S (c, )
Let RS(e, ) bearectangularegionin R? definedby

RS(e0) = (et eeytellel < 20,1l < 29,
wherec = (g, ¢,). LetO denotetheoriginin R?. Fig.2(a)
shaws the configurationof RS(0,d). It is simpleto ver
ify that RS(c,d) is a boundingregion of Sz (¢, §) by using
thepropertief uniform cubicB-splinebasisfunctions.In
theproofsof thefollowinglemmasaboutboundingregions,
without lossof generality we only considerthe casewhen
e istheorigin O.

Lemmaz2 Sy(e, ) C RS(c,d).

(Proof) Foreachpoint (z,y) € S2(0, §), wehave

3 3
| = D0 Di(u,v)d;

i=0 j=0
3 3

< D IBHWIY ] B(v)s
i=0 7=0
3

< =0.

<

Similarly, we canshaw that|y| < 4.

To obtain the secondboundingregion of S;(c, ), we
introducea constanti’s thatis relatedwith uniform cubic
B-splinebasisfunctions:

3 3
Ko o= max 9202 | Dij (w, v) + Dij (u, v)]

K3

04=0

3 3
- 0?3%)21{, £ |D?j(“’v)_ng(u’v)|}'
= - 1=0 j=0

Y
35
15 35
(@] z
35
(@) RS(0, 4)
v Ky
—Ks6 Kyb
0 T
—Ky6
(b) RD(0, 6)

Figure 2. Regions RS(0,d) and RD(O,$).

Notethat B;(v) = Bs—_;(1 —v) andB}(v) = —B;_;(1 —
v). Tocomputethevalueof K», thedomain0 < u,v < 1is
partitionedto avery densegrid with thegrid spacingl 0~ 1°.
Wethenevaluatey ;o >77_ [ DY (u, v)+ DY (u, v)| atev-
ery grid point, andthe maximumoccursat (ug, ug), where
up = 0.2448210078 or ug = 0.7551789922. Then, K> is
approximately2.046392675.
Let RD(ec,d) bearegionin R? definedby

RD(e,d)

= {(z+4co,y+ey)llz+yl < K, |z —y| < Kid}.
Fig. 2(b) shows the configurationof RD(0, ). The fol-
lowing lemmashowsthat RD(e, ¢) is aboundingregion of
SQ(C, (5)
Lemma3 Sy(e, ) C RD(c,d).
(Proof) Let R,(S2(0,4)) betheregionin R? thatcorre-

spondgo therotationof S3(0, d) by § with respecto the
origin.

R.(S2(0,6))

= (@) = () = —=(z+ )},

2

Sl



where(z,y) € S2(0,6). Let R,(RD(0,J)) betherota-
tion of RD(0O, d) by F with respecto theorigin.

K
(', y)||2'] < =24, |y| <

N
R.(52(0,6)), wehave

[\2

R.(RD(0,6)) = woild

For eachpoint(z’, y') €

Sl
-
Mw

N
I
o

.,
I

2] = (D (u, v) = Dij (u, v))dij

0

Z Dy (u, v)][d55]

S_

7 -
[\2
—=4.
V2
Similarly, we can shav that |y/| <
)

hae R.(S»(0,5)) C R.(RD(O,
$»(0,8) C RD(0,8). o

IIMw

<

d. Then we
)), which implies

S

Let BP(c,d) be the intersectionof RS(c,d) and
RD(e,d):

P(c,d) =

Fig. 3(a) shows the configurationof BP(0,4d). It triv-
ially holdsthat BP(c, ) is a polygonalboundingregion
of Sa(e, d).

RS(c,8) N RD(c, d).

Lemma4 Ssy(e, ) C BP(c,9).
Let BC(c,d) beacircularregionin R? definedby
BC(C’(S) = {(l‘ + Cey Y+ Cy)|x2 + yz < (AZ(S)Z}’

wherec = (¢, ¢y) and

ae = G- Dy

BC/(c,6) is the smallestcircular region that encloses
BP(c,d). Fig. 3(b) shavs the configurationof BC'(0, 6)
overlaidon BP(O, ). It is obviousthat BC'(¢, §) is acir-
cularboundingregion of Ss (e, ).

Lemmab Ss(e, ) C BC(c,d).
3.3.Sufficient conditionsfor 2D local injectivity

With the geometricinterpretationpresentedn Section
3.1 andthe boundingregions obtainedin Section3.2, we
canderive sufficient conditionsfor thelocal injectivity of a
2D uniform cubic B-splinefunction. Let f, bethefunction
definedby Eq (1) andA(/nj = (f)ij — (f)” = (Al‘”, Ay”)
fori,j = 0,1,2,3. Letéd, = max{|Ax;|} andd, =
max{| Ay }.

™,
%

—AQ(S A25

N
/

—AQ(S

(b) BC(0, ) overlaidon BP(0, d)

Figure 3. Regions BP(0,§) and BC(O,9).

Theorem 1 Functionfz islocallyinjectiveall overthedo-
mainif J, < and6 < %

(Proof) Supposehatd, < - andd, < 7. Thenwe
have BP(e1,8,) C {(=, y)|x—|—y > 0 ,¢—y > 0} and
BP(es,8y) C {(x,y)le+y>0,z—y <0} (SeeFig.4).

Hence,no line thatpassesthroughthe origin canintersect
both BP(e1,d,) and BP(e2,d,). From Lemmad, this
implies that no line simultaneouslypassesthrough the
origin, Sz(e1,d;) and Sz (e2,dy). Then,from Lemmal,
function f- is locally injective all over thedomain.

In Theoremt, the sufficient conditionfor local injectiv-
ity providesthe sameboundfor the z- andy-displacements
of control points. This condition cannotcover the casein
which function f2> may be locally injective if ¢, is much
smallerthan 7 thoughd, > KL We can obtaina suffi-
cient condltlon that can handlethis caseby usingthe cir-
cular boundingregion BC'(¢,d). We first shov a lemma
relatedwith a line passingthroughthe origin andregions
BC(61 s (Sx) andBC(ez, 6y)

Lemma6 If there is a line that simultaneouslypasses



Figure 4. The configuration of BP(e;, K%) and
BP(@Q, %2)

throughtheorigin, BC(e1, d;;), and BC'(e2, 8, ), thend? +
Iy > (45)

(Proof) Let! bealine thatpasseshroughtheorigin, which
is representetdy ax + by = 0. Let d; andd; bethedis-
tancesf e; ande, fromline [, respectrely. Thenwe have

— _lgf — 18] ich qi 2 g2 —
dy = TarE andd,; = W,Whlch givesdy + d; = 1.

Supposethat line [ simultaneouslyintersectsBC' (e, é,)
and BC'(e2, dy). Fig. 5 shovs an exampleof sucha con-
figuration. Thenwe have d; < A»d, andds < Asd,. This
impliesthatl = df 4 dj < A3(62 4 42).

Theorem 2 Function f is locally injectiveall overthedo-
mainif 37 + d; < (45)°.

(Proof) Supposethat 67 + d; < (4-)°. Then, from
Lemmas, therecannotbea line passinghroughthe origin
thatsimultaneouslyntersectsBC (e1, 6, ) and BC (ez, dy).
This implies from Lemmas1 and 5 that function f» is
locally injective all over thedomain.

Since constantk’s is approximately2.046392675, the
boundsz- and(4-) givenin Theoremsl and?2 areap-
proximately 0.488664767 and 0.392380757, respecttely.
Thenit seemghatthe sufiicient conditionsin Theoremsl
and2 only provide very smallboundgfor controlpointdis-
placementsHowever, by usingthe affine invarianceprop-
erty of B-splineswe canextend Theoremsl and2 to han-
dle generakaseswith possiblylarge controlpointdisplace-
ments.Thatis, theboundscanbeappliedto thenormalized
valuesof control point displacementinsteadof the given
values.

To normalizethe control point displacementsye con-
sidera 2D affine transformationi/, that movesthe given
control points ¢;; towardthe canonicalpositionS(b?j. Let

Y ar+by=0

BC€25
(243y) 4

BC(Eh 51)

Figure 5. A configuration of BC(e1,d;) and
BC(es, dy) with aline passing through the ori-
gin.

;; be the new position of a control point ¢;; when it
is transformedby AM,. We determinethe affine transfor
mation M- so that it minimizesthe approximationerror,
Ym0 Yoo ll6t; — %[>, Sucha transformationis, can
be obtainedby simple linear algebra[11]. Let A¢;; =

/;»j — ?j = (/Ax;»j,Aygj). Leté, = max{|Aa:§j|} and
by = max{|Ayij|}'

Theorem 3 Functionf; is locally injectiveall overthedo-
mainif the 2D affine transformationi is invertible and
if 6;. andd,, satisfyoneof the conditionsof J;, < K% and

8, < = or (6,)7 4 (8))% < (42)%

(Proof) Let f/ bethe 2D uniform cubic B-splinefunction
determinedy transformectontrolpoints¢;;. If d; < K%

andd, < = orif (6;)> + (6;)* < (45)° function f
is locally injective all over the domainfrom Theorem1
or Theorem2, respectiely. Due to the affine invariance
property of B-splines,function value f2(u, v) is mapped
to functionvalue f4(u, v) by transformation¥,. If M, is
invertible, the mappingbetweenf (u, v) and f4(u, v) is a
one-to-oneorrespondence;

For example , whencontrolpointdisplacementa¢;; are
(5,5) forall ¢, 4, it is obviousthatfunction f is locally in-
jective all overthedomain.However, Theoremsl and2 do
not cover this casebecausehe conditionsin themarenot
satisfiedwith A¢;; = (5, 5). In contrastwhenwe normal-
ize the displacementa\ ¢;;, transformationl/, is a trans-
lation by (—5,—5) andA¢;; = (0,0) for all ¢, j, which
obviously satisfieghe conditionin Theorem3.

The sufficient conditionsin Theoremsl and 2 are not
necessaryor thelocal injectivity of function f, evenif we
apply themto the normalizedcontrol point displacements.
For example,let Axy; = Axry; = —Axy; = —Axg; =
0.65 andAy;; = 0,for¢, 7 = 0,1, 2, 3. In this case pothof



theconditionsin Theoremd and2 areviolatedbut function
f2 is still locally injective.

However, the boundfor the control point displacements
in Theoreml is tight. Leeetal. [9] presented control lat-
tice configurationwith which function f5 is not locally in-
jectivewhend, = ¢, = K . We have notfully investigated
thetightnessof thelnequalltyln Theoren? yet.

Theorem? is moreusefulthanTheoreml whend, and
d, aredifferent. For example,given a control lattice with
d, = 0.62 andé, = 0, we cannotverify thelocalinjectivity
of the resultingfunction f, with Theoreml. In contrast,
Theorem?2 canbe usedto guaranteg¢hatthe function f> is
locally injective.

4. Local Injectivity Conditions of 3D B-spline
Functions

In this section,we presentsufficient conditionsfor the
local injectivity of a 3D uniform cubic B-spline function
by expandingthegeometridnterpretatiorandthebounding
regionspresentedh Section3 to 3D space.

4.1.Geometricinterpr etation of 3D local injectivity

Let f3 bea 3D uniform cubic B-splinefunctiondefined
by Eq.(2). Wheng;;; equalsgy;, = (i —1,j — 1,k —1)
fori,j,k = 0,1,2,3, function f5 is reducedto an iden-
tity function. Let A¢;;, be the displacementf control
point ¢, from ¢f,, thatis, A¢ijx = dijx — ¢ =
(Ax”k,Ay”k,Az”k) Thenwe have

f3(ua v, w)
Bk(w)Aq/)”k

(L2 dz ooy 4, — (6y 9y 6@/)’ and

6u’6v’6w du’ dv’ dw

rs = (22,2 22) denotethe row vectorsof Jacobian
matrix J(fs). Let Dy (u,v,w) = Bj(u)B;(v)Bx(w),
ijk(u,v,w) = Bi(u)Bj(v) Bx(w), andD;“;k(u,v,w) =
Bi(u)Bj(v) By, (w). We defineSs(c,§) asaregionin R?
suchthat

Let »y =

Ss(c,d) = {(a:—l—cx, +ey, 2+ ¢

x_ZZZD”k u, v, w)dijk,

zO]OkO

y—ZZZD”k u, v, w zyka

zO]OkO

Z_ZZZDUk u, v, )05k |,

1=0 j=0k=0

wherec = (cg, ¢y, ¢2), |0ix] < 6, and0 < w,v,w < 1.
Ss (e, §) isthe3D expansiorof theregion S (e, 6). Lete; =
(1,0,0), e2 = (0,1,0), andes = (0,0, 1). Fig. 6 shavs
a schematiadiagramof theregions Ss(e1, d.), Ss(e2,dy),
and53(63,(5z).

g}ss(ezy 8y)
% 10‘/

Figure 6. A schematic diagram of Ss(eq,d.),
53(62,(5y), and 53(63,(52).

Letd, = max{|Az;;z|}, 6y = max{|Ay;;z|}, ands, =
max{|Az;;x|}. The3D extensionof Lemmal caneasily
be proved from the fact thatthreevectorsry, r,, andrs in
R3 arelinearly independenif andonly if thereis no plane
passingthroughthe origin that containsthe pointsry, rs,
andrs. As in the 2D case,we interchangeablyisea 3D
vectoranda pointin R3.

Lemma7 Function f5 is locally injectiveall overthe do-
mainif no planesimultaneouslypasseshroughthe origin,
S(e1,82), Sa(e2,d,), andSs(es, Js).

4.2.Bounding regionsof Sz (c, )

Let RT'S(ec, d) bearegionin R? definedby
RTS(c,0) = {(x 4+ o,y + ey, 2+ ¢5)]
3 3 3

wherec = (¢g, ¢y, ¢, ). It canbeprovedin asimilarway to
Lemmaz2 that RT'S(e, ¢) is aboundingregion of Ss(c, 4).

Lemma8 Ss(c,d) C RT'S(e,d).
Let RT'D(c,d) bearegionin R? definedby

RTD(c,§) = RTX(c,8)NRTY (¢c,8) N RTZ(c,6),



where

RTX(c,8) = {(x 4 o,y +cy, 2+ ¢,

o] < 20,1y + 2| < Kb Iy — 2| < Kad),
RTY (¢,8) = {(x + ¢z, y+ ¢y, 2 + ¢,)|

ly| < %6, |2+ ] < Kyd, [z — 2| < Kyd},
RTZ(c,8) = {(z + cu,y+ ¢y, 2+ ¢

2| < %5, o+ yl < K, |e — y| < K4},

ande = (cy,c¢y,c.). Notethat RTZ(e,d) is an extru-
sion of the 2D region RD(c,d) in the z-direction. Simi-
larly, RT'X (¢, ) andRTY (¢, §) areextrusionsof RD(c, §)
whenit is definedin the yz- andzz-planesyespectiely. It
is simpleto show that RT'D(c, d) is a boundingregion of
53(6, (5)

Lemma9 Ss(e,8) C RT'D(c,d).

(Proof) It can be shawn that S5(0,d8) C RTZ(0,9)
in a similar way to Lemma3. Also, we can shaov that
S3(0,6) C RTX(0,6) and S3(0,d) C RTY(0,9)
by using rotations with respectto the z- and y-axes,
respectrely.

To obtainaregularoctahedronhatincludesSs(c, §), we
introduceaconstanti’s, whichis the3D correspondencef
Ky

3 3 3
AS 0<z€nva§<1{ZZZ|Gmk u, v, w }
where

Gijr(u, v, w)
= D?jk(u, v,w) + D”k(u, v,w) + D”k(u, v, w).

To computethevalueof K3, thedomain0 < u,v,w < 1is
partitionedo avery densegrid with thegrid spacingl 0~ 1°.
We thenevaluatey "7 57, Soh_ |Gijk(u, v, w)| atev-
ery grid point, and the maximumoccursat (ug, ug, 4g),
whereuy = 0.1640662347 or uy = 0.8359337653. Then,
K3 isapproximately2.479472335.

Let RT'O(c, 6) bearegionin R? definedby

RTO(e,8) ={(x+ co,y+ ¢y, 2+ ¢5)]
|z +y+ 2| < K36, |v +y — 2| < K34,

wherec = (¢g, ¢y, ¢;). Thefollowing lemmashaws that
RTO(e, é) is aboundingregion of Ss(c, 4).

Lemmal0 Ss(e,d) C RTO(c, ).
(Proof) We canrepresenRR7T'O(0, §) by

RTO(0, )

= RTP(0,8) N RTPy(0,8) N RTPs(0,8) N RTP4(0, ),

where

RTP(0,0) = {(x,y,2)||xr+y+ 2| < Kzd},
RTP,(0,0) = {(z,y,z)||lx +y— 2] < Kzd},
RTP5(0,0) = {(z,y,2)|lx —y+ 2] < K3d},
RTP4(0,0) = {(z,y,z)|lx —y— 2| < K3d}.

Considera 3D rotation R, that mapsthe vector (1,1,1)
ontothe z-axis. Rotation R, transformsR1'P; (0O, d) to
R.;(RTP1(0,4d)), where

K

R.o(RTP(0,0)) = {('y.2)||<] < =£d}.
V3

Let 2’ bethe z-coordinateof thenew positionwhenwe ap-

ply rotation R, to apoint (z,y, z) € S3(0,d). Thenwe

have

= |Gataraea)
1 3 3 3
< —3222 ik (U, v, w055k
oo
[\3
<
S
which implies S3(0,6) C RTP(O,9). Simi-
larly, we can showv that S5(0,d) C RTP(0,§),

53(0, (5) C RTPg(O, (5), anng(O, (5) C RTP4(O, (5) |
Let BPH(c,d) be the intersection of RT'S(c,d),

RTD(c,d), andRTO(c, d):

BPH(c,d) = RTS(e,8) N RTD(e,6) N RTO(e,d).

Fig. 7 shavs the shapeof BPH (O, 1) from several differ-
ent viewpoints. The boundaryof BP H (¢, d) consistsof
26 faces. It trivially holdsthat BP H (¢, d) is a polyhedral
boundingregion of Sz (e, ).

Lemmall Ss(e,6) C BPH(c,d).
Let BSP(c,d) beasphericakegion definedby

BSP(c,d)
= {4, y+ey, z+c)|e® + " + 27 < (A430)°),

wherec = (¢, ¢y, ¢,) and

A5 = wg)z + (K — %)2 + (K3 — Ko)2.



Figure 7. Region BPH(O,1) from different
viewpoints.

BSP(e,d) is the smallestsphericalregion that encloses
BPH(c,d). Itis obviousthat BSP(e, §) is aboundingre-
gionof Ss(c, d).

Lemmal2 Ss(e, ) C BSP(c,d).
4.3. Sufficient conditionsfor 3D local injectivity

Now we presentsufficient conditionsfor the local in-
jectivity of a 3D uniform cubic B-splinefunction. Let f5
be the function definedby Eq. (2) and A¢i;x = ¢ijr —

”k = (Awijr, Ayijr, Azij) for i, j,k = 0,1,2,3. Let
dr = max{|Awz;;il}, 6y = max{|Ay;x|}, andd, =
max{|Azi;g|}.

Theorem 4 Function f;5 is locally injectiveall overthedo-
mainif §, < K%,éy < K% ands, < K%,

(Proof) By using the polyhedral bounding region
BPH/(c,4d) of S5(e, §), thistheorentanbeprovedin asim-
ilar wayto Theoreml.

Theorem 5 Function f;5 is locally injectiveall overthedo-
mainif &7 + 07 + 02 < ().

(Proof) By usingthesphericaboundingregion BSP(c, d)
of Sz(c, d), thistheoremcanbe provedin a similar way to
Theoren?.

To normalizethe control point displacementsye con-
sider a 3D affine transformationMs. Let ¢}, be the
new position of a control point ¢;;, when it is trans-
formed by Ms. We determinethe affine transforma-
tion M3 so that it minimizes the approximationerror,
Zz OZ] OZk 0 ||¢zyk zyk”z Let Ad) ijk = ¢;]k

z ik — (Axljk"AyZ]k"Azl k) Let 6/ - max{|Ax”k|}
J —max{|Aymk|} andd’, —max{|Az”k|}

Theorem 6 Function f;5 is locally injectiveall overthedo-
mainif the 3D affine transformationi/s is invertible and
if 07, d;,, and &, satlsfyoneof the conditionsof &, < #-,
by < Ka,andég < K3 or (0,)% + (6)* + (8)* < (A%)z.

(Proof) By using the affine invariance property of B-
splines, this theoremcan be proved in a similar way to
Theorenm3.

As in the 2D casethesufiicientconditionsin Theorems
4 and5 arenotnecessarfor thelocalinjectivity of function
f3. However, similar to Theoreml, Theorem4 providesa
tight boundfor the control pointdisplacementsln Section
3.3, we mentionedthereis a control lattice configuration
with which function f» is notlocally injective whend, =
dy = K% By expandingthe controllattice configurationo
3D,we canobtainacontrolIatticeconfiguration/vith which
fa is notlocally injective whené, = ¢, = 6, = K . We
have notfully investigatedhetightnessof themequalltym
Theoremnb yet.

5. Conclusions

In this paperwe have presentedufficientconditionsfor
the local injectivity of 2D and3D uniform cubic B-spline
functions. We first proposeda geometricinterpretationof
the local injectivity of a uniform cubic B-spline function.
Row vectorsn theJacobiammatrix aremappedo regionsin
the spacefor which we obtainedsimpleboundingregions.
Sufficient conditionsrepresentedh termsof control point
displacementsverefinally derived by usingthe bounding
regions. Thesesufficient conditionsaresimpleandeasyto



checkandwill beusefulto guarante¢heinjectivity of map-
ping functionsin applicationssuchasimagewarpingand
morphing,3D deformationandvolumemorphing.

Futurework will include an investigationof sufiicient
conditionsthatconsidereachcontrolpointdisplacemenin-
dependently In this paper sufiicient conditionsarerepre-
sentedonly in termsof the maximumsof the control point
displacement# principal directions. The ultimatefuture
goalwill beto obtainsimple andeasy-to-checkecessary
andsufiicientconditionsfor theinjectivity of uniformcubic
B-splinefunctions.
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