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Abstract

Uniform cubic B-spline functionshave beenusedfor
mappingfunctionsin various areassuch as imagewarp-
ing andmorphing,3D deformation,andvolumemorphing.
Theinjectivity (one-to-oneproperty)of a mappingfunction
is importantto obtaingoodresultsin theseareas.Thispa-
per considersthelocal injectivity conditionsof 2D and3D
uniformcubicB-splinefunctions.We proposea geometric
interpretationof the local injectivity of a uniformcubicB-
splinefunction,with which 2Dand3Dcasescanbehandled
in a similar way. Basedon thegeometricinterpretation,we
presentsufficientconditionsfor thelocal injectivitythatare
representedin termsof control point displacements.These
sufficientconditionsare simpleandeasyto check andwill
beusefulto guaranteethe injectivity of mappingfunctions
in applicationareas.

1. Intr oduction

Mappingfunctionsthat transformcertaindomainsinto
themselvesarewidely usedin computergraphics.In image
warpingandmorphing,animageis distortedby a 2D map-
ping functionthatgivesa new positionfor eachpoint in the
image[14]. In deformationtechniquessuchas free-form
deformations[12], 3D mappingfunctionsareusedto de-
terminethedeformedpositionsof objectpoints. In volume
morphing,user-specifiedfeaturesarealignedby distorting
givenvolumeswith 3D mappingfunctions[2, 10].

In theseareas,the injectivity (one-to-oneproperty)of a
mappingfunction is importantin order to obtaingoodre-
sults. In imagewarpingandmorphing,if a mappingfunc-
tion is not injective, theresultingdistortedimagemaycon-
tain undesirablewrinklesbecausepartsof theoriginal im-
agefold uponnearbyparts. Several techniqueshave been�
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developedto generateinjective mappingfunctionsfor im-
agewarpingandmorphing[3, 7, 8, 9]. In deformationtech-
niques,theinjectivity of amappingfunctionguaranteesthat
no self-intersectionis introducedto anobjectin the defor-
mationprocess.In volumemorphing,thereis noambiguity
in determiningthevoxel valuesof a distortedvolumeif the
mappingfunctionis injective.

Due to their local control propertyandsimplicity, uni-
form cubicB-splinefunctionshave beenusedfor mapping
functionsin imagemorphingand3D deformation. A 2D
uniformcubicB-splinefunctionis definedby applyinguni-
form cubicB-splinebasesto 2D controlpointsin a2D con-
trol lattice. Similarly, a 3D uniform cubic B-spline func-
tion is determinedby a3D parallelepipedcontrollatticethat
consistsof 3D controlpoints.Notethateachof the2D and
3D B-splinefunctionsis differentfrom a B-splinesurface,
whichis a functionfrom 2D to 3D obtainedby a2D control
latticewith 3D controlpoints. Leeet al. used2D B-spline
functionsto efficientlygeneratemappingfunctionsin image
morphing[8, 9]. 3D B-splinefunctionshave beenadopted
to developdirectmanipulationtechniquesfor free-formde-
formations[5, 6].

To obtaininjective mappingfunctionsin imagemorph-
ing, Lee et al. presenteda sufficient condition for the in-
jectivity of a 2D uniform cubic B-spline function [8, 9].
Thesufficientconditionprovidesasingleboundfor thedis-
placementsof controlpointsthatguaranteesthe injectivity
of a 2D B-splinefunction. However, this conditioncannot
handlethe casein which someof control point displace-
mentsareabove theboundandtheothersarefar below the
boundbut the resultingfunction is still injective. Good-
manandUnsworthproposeda sufficientconditionfor a 2D
Béziersurfaceto be injective [4], which canbe appliedto
a 2D B-spline function. For an ����� lattice of control
points,theconditioncontains

� �
	 ����
 ��� � ��	 ����
 � lin-
earinequalities.Unfortunately, whenthenumberof control
pointsis large,thetimeto checktheconditionbecomespro-



hibitive.Althoughit couldbeusefulin 3D deformationand
volumemorphing,therehasbeenno researchon an injec-
tivity conditionfor a 3D B-splinefunction.

In this paper, we considerthe injectivity conditionsof
2D and3D uniform cubicB-splinefunctions.We first pro-
posea geometricinterpretationof the injectivity of a 2D
B-splinefunction. Basedon this geometricinterpretation,
we obtainnovel sufficient conditionsfor the injectivity of
a 2D B-splinefunction. The sufficient conditionsarerep-
resentedby inequalitiesof controlpoint displacementsand
cover more casesthan the previous result [8, 9]. To ex-
aminethe injectivity conditionof a 3D B-splinefunction,
which hasnot beenexploredyet, we expandthegeometric
interpretationof injectivity to 3D. Sufficient conditionsfor
the injectivity of a 3D B-splinefunctionarethenobtained,
which arealsorepresentedby inequalitiesof control point
displacements.

Theremainderof this paperis organizedasfollows. In
Section2, we review themathematicalpreliminaries.Sec-
tions3 and4 considerthe injectivity conditionsof 2D and
3D B-spline functions,respectively. Section5 concludes
thispaperwith futurework.

2. Mathematical Preliminaries

Let ��� bea 2D uniformcubicB-splinefunctiondefined
with an � ����� ����� � ��� � control lattice ! . Function ���
consistsof �"�
� 2D patches,eachof which is determined
by #��$# controlpointsin % � . Theinjectivity of function ���
maybeviolatedin two cases.First,aglobalviolationof the
injectivity happenswhenapartin apatchof ��� intersectsa
separatepartin thesamepatchor anotherpatch.Dueto the
convex hull propertyof B-splines,this global violation is
possibleonly if controllattice ! containsaself-intersection.
Second,theinjectivity maybeviolatedlocally amongcon-
nectedpartsin a patcheven thoughcontrol lattice ! is not
self-intersecting.Although it is counterintuitive that a B-
splinefunctionmaynot be injective whena control lattice
doesnotself-intersect,Leeetal. have shown anexampleof
suchconfiguration[9].

In applicationsof B-splinefunctionssuchasmorphing
anddeformation,the global violation of injectivity is not
allowedin mostcasesandcanbepreventedby usingself-
intersection-freecontrol lattices. Hence,in this paper, we
focuson the local injectivity of a B-splinefunction,which
cannotbedeterminedby checkingtheself-intersectionof a
controllattice.

Whenwe investigatesufficient conditionsfor the local
injectivity of function ��� , it is sufficient to consideronly
onepatchof ��� becausethesameconditionscanbeapplied
to all otherpatches.Without lossof generality, werepresent
a 2D uniform cubicB-splinefunctionby a patch & � , which

is definedby& � � ')( * �,+-� .)( / � (1)+ 01 2 3�4 015 3�476 2 � '7� 6 5 � * � 8 2 5 (
where 9;:<')( *;:>= . Uniform cubicB-splinebasisfunc-
tions, 6 4 , 6$? , 6 � , and 6 0 , aredefinedby

6 4 � '7�,+ � =A@�'7� 0BC(6$? � '7�,+ � ' 0 @ B ' � ��#BD(6 � � '7�,+ @�� ' 0 ��� ' � ��� '$�E=B (6 0 � '7�,+ ' 0B;(
where 9�:�' :F= . 8 2 5 +�� . 2 5 ( / 2 5 � , G ( H�+E9 ( = ( I ( � , are #J�# control pointsthat determinefunction & � . Similarly, we
representa 3D uniform cubicB-splinefunctionby a patch& 0 , whichis definedby& 0 � ')( * ( K��L+-� .)( / ( M � (2)+ 01 2 3�4 015 3�4 01N 3�4 6 2 � '7� 6 5 � * � 6 N � K�� 8 2 5 N (
where 9�:�')( * ( K�:F= .

Function& � is locally injectiveif andonly if its Jacobian
matrix is nonsingularall over thedomain[1]. TheJacobian
matrixof & � is definedbyO � & � �L+ P�Q RQ S Q RQ TQ UQ S Q UQ T�VJW
It is known thatasquarematrix is nonsingularif andonly if
its row vectorsarelinearly independent[13]. Hence,func-
tion & � is locally injective if andonly if two 2D vectors,� Q RQ S ( Q RQ T � and � Q UQ S ( Q UQ T � , arelinearly independent.TheJaco-
bianmatrixof function & 0 is definedbyO � & 0 �,+YXZ[ Q RQ S Q RQ T Q RQ \Q UQ S Q UQ T Q UQ \Q ]Q S Q ]Q T Q ]Q \"^ _` W
Function & 0 is locally injective if andonly if three3D vec-
tors, � Q RQ S ( Q RQ T ( Q RQ \ � , � Q UQ S ( Q UQ T ( Q UQ \ � , and � Q ]Q S ( Q ]Q T ( Q ]Q \ � , arelin-
earlyindependent.In Sections3 and4, theseconditionsare
interpretedgeometricallyto obtainsufficientconditionsfor
thelocal injectivity of functions & � and & 0 , respectively.

Thefollowingpropertiesof uniformcubicB-splinebasis
functionsandtheir derivativesareusedin latersections.
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3. Local Injectivity Conditions of 2D B-spline

Functions

In this section,we first proposea geometricinterpreta-
tion of thelocal injectivity conditionof a2D uniformcubic
B-splinefunction | y . The two row vectorsin theJacobian
matrix } e | y g aremappedto two regionsin ~ y suchthat | y
is locally injective if no line simultaneouslypassesthrough
the origin and the two regions. We then obtainsufficient
conditionsfor thelocal injectivity of | y by computingcon-
trol pointdisplacementsthatguaranteesuchaconfiguration
of thetwo regions.

3.1.Geometricinterpr etation of 2D local injectivity

Let | y bea 2D uniform cubicB-splinefunctiondefined
by Eq. (1). The injectivity of function | y is determinedby
the configurationof the �;��� control points � c � , j l � ki l m l n l o . When � c � equals� sc � k e j u�m l ��u�m g for all j l � ,
function | y is reducedto an identity function. Let �J� c �
be the displacementof control point � c � from � sc � , that is,�J� c � k�� c ��u � sc � k e �J� c � l �J� c � g . Then,function | y can
berepresentedby| y e f)l � g k e f)l � g�z q� c r�s q�� r�s bdc e f7g bw� e � g �J� c � �
Now wehave� �� f k mwz q� c r�s q�� r�s7���c � e f)l � g �J� c � l� �� � k q� c r�s q�� r�s����c � e f)l � g �J� c � l� �� f k q� c r�s q�� r�s����c � e f)l � g �J� c � l� �� � k mwz q� c r�s q�� r�s7���c � e f)l � g �J� c � l
where � �c � e f)l � g k b$xc e f7g bw� e � g and � �c � e f)l � g kbdc e f7g b x� e � g .

Let � y be a rectangulardomain in ~ y that contains
points e f)l � g suchthat i;{"f)l �;{>m . Let � ��k e � �� � l � �� � gand � y k e � �� � l � �� � g denotetherow vectorsof Jacobianma-
trix } e | y g . Note that � � and � y are functionsfrom � y to~ y thatdependon f and � . Function | y is locally injective
all over thedomain � y if andonly if vectors � � and � y are
linearly independentfor each e f)l � g in � y .

A 2D vector e � l � g canbe interpretedasa point e � l � g
in ~ y . In the following, we interchangeablyusea 2D vec-
tor and a point in ~ y . Two different2D vectors e ��� l � � g
and e � y l � y g arelinearly independentif andonly if theline
passingthroughthe two points e ��� l � � g and e � y l � y g does
not intersectthe origin. Hence,function | y is locally in-
jective over � y if andonly if no line simultaneouslypasses
throughtheorigin, � � , and � y for any e f)l � g in � y .

Let � y e � l � g bea region in ~ y definedby� y e � l � g kF� e � z�� � l � z�� � g v�Jk q� c r�s q�� r�s����c � e f)l � g � c � l ��k q� c r�s q�� r�s����c � e f)l � g � c � � l
where � k e � � l � � g , v � c � v {�� , and i�{�f)l ��{�m . Let� �Fk e m l i g and � y k e i l m g . Then, � y e � � l � � g is the
setof all possiblevaluesof � � from the configurationsof
control points � c � that satisfy v �J� c � v {L� � . Similarly,� y e � y l � � g containsall possiblevaluesof � y underthecon-
straint v �J� c � v {�� � . Fig. 1 shows a schematicdiagramof� y e � � l � � g and � y e � y l � � g .�

�
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Figure 1. A schematic diagram of � y e � � l � � g
and � y e � y l � � g .
Let � � k�¬®­ ¯ � v �J� c � v � and � � k�¬®­ ¯ � v �J� c � v � . Then,

for any e f)l � g in � y , � � and � y arecontainedin � y e � � l � � g
and � y e � y l � � g , respectively. Supposethat no line simul-
taneouslyintersectsthe origin, � y e � � l � � g , and � y e � y l � � g



asshown in Fig. 1. In this case,for each ° ±)² ³ ´ in µd¶ , no
line cansimultaneouslypassesthroughthe origin, · ¸ , and· ¶ andhencefunction ¹ ¶ is locally injective. The follow-
ing lemmasummarizesthe relationshipof º�¶ ° » ¸ ² ¼ ½ ´ andº�¶ ° » ¶ ² ¼ ¾ ´ with thelocal injectivity of function ¹ ¶ .
Lemma 1 Function ¹ ¶ is locally injectiveall over the do-
main if no line simultaneouslypassesthrough the origin,º�¶ ° » ¸ ² ¼ ½ ´ , and º�¶ ° » ¶ ² ¼ ¾ ´ .

To determinethevaluesof ¼ ½ and ¼ ¾ thatsatisfythecon-
dition in Lemma1, it is necessaryto representtheshapeofº�¶ ° ¿ ² ¼ ´ in termsof ¿ and ¼ . Sinceit is not easyto analyze
the exact shapeof º�¶ ° ¿ ² ¼ ´ , we find two simpleregionsinÀ ¶ thatinclude º�¶ ° ¿ ² ¼ ´ . Theshapeof º�¶ ° ¿ ² ¼ ´ canthenbe
approximatedby theintersectionof thetwo regions.

3.2.Bounding regionsof º�¶ ° ¿ ² ¼ ´
Let
À ºA° ¿ ² ¼ ´ bearectangularregion in

À ¶ definedbyÀ ºA° ¿ ² ¼ ´LÁÃÂ ° Ä�Å�¿ ½7² ÆdÅ�¿ ¾ ´ Ç Ç Ä�Ç È<ÉÊ�¼ ² Ç Æ7Ç È�ÉÊ�¼ Ë ²
where¿dÁ�° ¿ ½7² ¿ ¾ ´ . Let Ì denotetheorigin in

À ¶ . Fig.2(a)
shows the configurationof

À ºA° ÌJ² ¼ ´ . It is simpleto ver-
ify that

À ºA° ¿ ² ¼ ´ is a boundingregion of º�¶ ° ¿ ² ¼ ´ by using
thepropertiesof uniform cubicB-splinebasisfunctions.In
theproofsof thefollowinglemmasaboutboundingregions,
without lossof generality, we only considerthecasewhen¿ is theorigin Ì .

Lemma 2 º�¶ ° ¿ ² ¼ ´wÍ À ºA° ¿ ² ¼ ´ .
(Proof) For eachpoint ° Ä)² Æ ´AÎ
º�¶ ° ÌJ² ¼ ´ , wehaveÇ Ä�Ç"ÁÐÏÏÏÏÏÏ

ÑÒ Ó Ô�Õ ÑÒÖ Ô�Õ�×�ØÓ Ö ° ±)² ³ ´ ¼ Ó Ö ÏÏÏÏÏÏÈ ÑÒ Ó Ô�Õ Ç Ù$ÚÓ ° ±7´ Ç ÑÒÖ Ô�Õ Ù Ö ° ³ ´ ¼È ÉÊ�¼ Û
Similarly, wecanshow that Ç Æ7Ç È Ñ ¶ ¼ .

To obtain the secondboundingregion of º�¶ ° ¿ ² ¼ ´ , we
introducea constantÜJ¶ that is relatedwith uniform cubic
B-splinebasisfunctions:ÜJ¶ÝÁßÞ®à áÕ â Ø ã ä â ¸Jåæ ç ÑÒ Ó Ô�Õ ÑÒÖ Ô�Õ Ç × ØÓ Ö ° ±)² ³ ´)Å × äÓ Ö ° ±)² ³ ´ Ç è éêÁßÞ®à áÕ â Ø ã ä â ¸Jåæ ç ÑÒ Ó Ô�Õ ÑÒÖ Ô�Õ Ç × ØÓ Ö ° ±)² ³ ´�ë × äÓ Ö ° ±)² ³ ´ Ç è éê Û

ìí î
ï ìí î ìí î

ï ìí î
ð
ñ

ò
(a)
À ºA° ÌJ² ¼ ´óAô õ

ö ó ô õ ó ô õ
ö ó ô õ

÷
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ù
(b)
À × ° ÌJ² ¼ ´

Figure 2. Regions
À ºA° ÌJ² ¼ ´ and

À × ° ÌJ² ¼ ´ .
Notethat Ù Ö ° ³ ´AÁFÙ Ñ ú Ö ° ûdë�³ ´ and Ù ÚÖ ° ³ ´AÁ�ë�Ù ÚÑ ú Ö ° ûAë³ ´ . To computethevalueof ÜJ¶ , thedomainü�È�±)² ³�ÈFû is
partitionedto averydensegrid with thegrid spacingû ü ú ¸ Õ .
Wethenevaluateý ÑÓ Ô�Õ ý ÑÖ Ô�Õ Ç × ØÓ Ö ° ±)² ³ ´ Å × äÓ Ö ° ±)² ³ ´ Ç atev-
ery grid point,andthemaximumoccursat ° ± Õ ² ± Õ ´ , where± Õ Á<ü Û Ê þ þ ÿ Ê û ü ü � ÿ or ± Õ Á<ü Û � � � û � ÿ � � Ê Ê . Then, ÜJ¶ is
approximately

Ê Û ü þ � É � Ê � � � .Let
À × ° ¿ ² ¼ ´ bea region in

À ¶ definedbyÀ × ° ¿ ² ¼ ´ÁÃÂ ° Ä$Å�¿ ½7² ÆdÅ�¿ ¾ ´ Ç Ç Ä$Å�Æ7Ç È�ÜJ¶ ¼ ² Ç Ä�ë�Æ7Ç È�ÜJ¶ ¼ Ë Û
Fig. 2(b) shows the configurationof

À × ° ÌJ² ¼ ´ . The fol-
lowing lemmashowsthat

À × ° ¿ ² ¼ ´ is a boundingregion ofº�¶ ° ¿ ² ¼ ´ .
Lemma 3 º�¶ ° ¿ ² ¼ ´wÍ À × ° ¿ ² ¼ ´ .
(Proof) Let

À�� ° º�¶ ° ÌJ² ¼ ´ ´ be the region in
À ¶ thatcorre-

spondsto therotationof º�¶ ° ÌJ² ¼ ´ by � � with respectto the
origin.À�� ° º�¶ ° ÌJ² ¼ ´ ´ÁÃÂ ° Ä Ú ² Æ Ú ´ Ç Ä Ú7Á û� Ê ° Ä�ë�Æ ´ ² Æ Ú)Á û� Ê ° Ä�Å�Æ ´ Ë ²



where 	 
�� 
 ������� 	 ��� � � . Let ��� 	 ����	 ��� � � � be the rota-
tion of ����	 ��� � � by � � with respectto theorigin.��� 	 ����	 ��� � � � �"! 	 
 # � 
 # � $ $ 
 # $ % & �' ( � � $ 
 # $ % & �' ( � ) *
For eachpoint 	 
 # � 
 # �+�,��� 	 ��� 	 ��� � � � , wehave

$ 
 # $-� ...... /' ( 01 2 3�4 015 3�4 	 ��62 5 	 7�� 8 ��9:��;2 5 	 7�� 8 � � �
2 5 ......% /' ( 01 2 3�4 015 3�4 $ ��62 5 	 7�� 8 ��9<��;2 5 	 7�� 8 � $ $ �
2 5 $

% & �' ( � *
Similarly, we can show that $ 
 # $=%?>A@B � � . Then we
have ��� 	 ��� 	 ��� � � �DC?��� 	 ����	 ��� � � � , which implies��� 	 ��� � �+CE����	 ��� � � .

Let FHG�	 I � � � be the intersection of ���A	 I � � � and����	 I � � � : FHG�	 I � � � �J���A	 I � � ��KL����	 I � � � *
Fig. 3(a) shows the configurationof FHG�	 ��� � � . It triv-
ially holds that FHG�	 I � � � is a polygonalboundingregion
of ��� 	 I � � � .
Lemma 4 ��� 	 I � � �+CEFHG�	 I � � � .

Let FHM�	 I � � � bea circularregion in � � definedbyFHM�	 I � � � �"! 	 
HN<I OP� 
QNRI S � $ 
 � NR
 � %�	 T�� � � � ) �
where IA�U	 I OP� I S � and

T��V�XW 	 Y( � � N�	 & �A9=Y( � � *FHM�	 I � � � is the smallest circular region that enclosesFHG�	 I � � � . Fig. 3(b) shows the configurationof FHM�	 ��� � �
overlaidon FHG�	 ��� � � . It is obviousthat FHM�	 I � � � is a cir-
cularboundingregion of ��� 	 I � � � .
Lemma 5 ��� 	 I � � �+CEFHM�	 I � � � .
3.3.Sufficient conditions for 2D local injectivity

With the geometricinterpretationpresentedin Section
3.1 and the boundingregionsobtainedin Section3.2, we
canderive sufficient conditionsfor thelocal injectivity of a
2D uniformcubicB-splinefunction.Let Z � bethefunction
definedby Eq. (1) and [�\ 2 5 �]\ 2 5 9R\ 42 5 �^	 [�
 2 5 � [�
 2 5 �
for _ � `=�Da � / � ( � Y . Let � OU�cb�d e ! $ [�
 2 5 $ ) and � S=�b�d e ! $ [�
 2 5 $ ) .

f
g

h
ij k

ij kl ij k
l ij k

(a) FHG�	 ��� � �

m
n

op�q rs p�q r
p q r

s p q r
(b) FHM�	 ��� � � overlaidon FHG�	 ��� � �

Figure 3. Regions FHG�	 ��� � � and FHM�	 ��� � � .
Theorem 1 Function Z � is locally injectiveall overthedo-
mainif � O�tvu>A@ and � SHtwu>A@ .
(Proof) Supposethat � OEt?u>A@ and � SRt?u>A@ . Thenwe
have FHG�	 x u � � O �LCy! 	 
�� 
 � $ 
�N=
<z{a � 
L9E
Rz-a ) andFHG�	 x � � � S �AC=! 	 
�� 
 � $ 
HNR
�z�a � 
H9<
�t�a ) (SeeFig. 4).
Hence,no line thatpassesthroughthe origin canintersect
both FHG�	 x u � � O � and FHG�	 x � � � S � . From Lemma4, this
implies that no line simultaneouslypassesthrough the
origin, ��� 	 x u � � O � and ��� 	 x � � � S � . Then, from Lemma1,
function Z � is locally injectiveall over thedomain.

In Theorem1, thesufficient conditionfor local injectiv-
ity providesthesameboundfor the 
 - and 
 -displacements
of control points. This conditioncannotcover the casein
which function Z � may be locally injective if � S is much
smallerthan u>A@ though � O<| u>A@ . We canobtaina suffi-
cient condition that can handlethis caseby usingthe cir-
cular boundingregion FHM�	 I � � � . We first show a lemma
relatedwith a line passingthroughthe origin and regionsFHM�	 x u � � O � and FHM�	 x � � � S � .
Lemma 6 If there is a line that simultaneouslypasses
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Figure 4. The configuration of �H��� � � � ��A� � and�H��� � � � ��A� � .
throughtheorigin, �H��� � � � � � � , and �H��� � � � � � � , then � ��Q�� ���� � ���� � � .
(Proof) Let   bealine thatpassesthroughtheorigin,which
is representedby ¡ ¢ �E£ ¤¦¥^§ . Let ¨ � and ¨ � be the dis-
tancesof � � and � � from line   , respectively. Thenwehave¨ � ¥ª© « ©¬ « � ­P® � and ¨ � ¥¯© ® ©¬ « � ­P® � , which gives ¨ � � � ¨ �� ¥]° .
Supposethat line   simultaneouslyintersects�H��� � � � � � �
and �H��� � � � � � � . Fig. 5 shows an exampleof sucha con-
figuration.Thenwehave ¨ ��±E²�� � � and ¨ ��±E²�� � � . This
impliesthat °Q¥ ¨ � �³� ¨ �� ±R² �� � � ���� � �� � .
Theorem 2 Function ´ � is locally injectiveall overthedo-
mainif � ���� � ���µ � ���� � � .
(Proof) Supposethat � ��¦� � ��{µ � ���� � � . Then, from
Lemma6, therecannotbea line passingthroughtheorigin
thatsimultaneouslyintersects�H��� � � � � � � and �H��� � � � � � � .
This implies from Lemmas1 and 5 that function ´ � is
locally injectiveall over thedomain.

Sinceconstant¶�� is approximately· ¸ § ¹ º » ¼ · º ½ ¾ , the
bounds ��A� and � ���� � � given in Theorems1 and2 areap-
proximately § ¸ ¹ ¿ ¿ º º ¹ ½ º ½ and § ¸ » ¼ · » ¿ § ½ ¾ ½ , respectively.
Thenit seemsthat the sufficient conditionsin Theorems1
and2 only providevery smallboundsfor controlpointdis-
placements.However, by usingtheaffine invarianceprop-
erty of B-splines,we canextendTheorems1 and2 to han-
dlegeneralcaseswith possiblylargecontrolpointdisplace-
ments.Thatis, theboundscanbeappliedto thenormalized
valuesof control point displacementsinsteadof the given
values.

To normalizethe control point displacements,we con-
sidera 2D affine transformationÀ:� that movesthe given
control points ÁPÂ Ã towardthe canonicalpositions Á�ÄÂ Ã . Let

Å
Æ Ç+È�É ÊAË¦ÌÍAÎQÏ Ð Ñ Ò Ó Ô Õ
ÍAÎQÏ Ð Ö Ò Ó × ÕØ Ñ

Ø Ö
Ù

ÚÛ
Û

Figure 5. A configuration of �H��� � � � � � � and�H��� � � � � � � with a line passing through the ori-
gin.

ÁPÜÂ Ã be the new position of a control point ÁPÂ Ã when it
is transformedby À:� . We determinethe affine transfor-
mation À:� so that it minimizesthe approximationerror,ÝEÞÂ ß Ä ÝRÞÃ ß ÄAà à Á ÜÂ Ã�á Á ÄÂ Ã à à � . Sucha transformationÀ:� can
be obtainedby simple linear algebra[11]. Let â�Á ÜÂ Ã ¥Á ÜÂ Ã�á Á ÄÂ Ã ¥ � â�¢ ÜÂ Ã � â ¤ ÜÂ Ã � . Let � Ü�E¥{ã�ä å æ à â�¢ ÜÂ Ã à ç and� Ü�H¥Eã�ä å æ à â ¤ ÜÂ Ã à ç .
Theorem 3 Function ´ � is locally injectiveall overthedo-
main if the 2D affine transformationÀ:� is invertible and
if � Ü� and � Ü� satisfyoneof the conditionsof � Ü�:µ ��A� and� Ü��µ ��A� or � � Ü� � � � � � Ü� � � µ � ���� � � .
(Proof) Let ´ Ü� bethe2D uniform cubicB-splinefunction
determinedby transformedcontrolpoints ÁPÜÂ Ã . If � Ü��µ ��A�
and � Ü��µ ��A� or if � � Ü� � � � � � Ü� � � µ � ���� � � , function ´ Ü�
is locally injective all over the domain from Theorem1
or Theorem2, respectively. Due to the affine invariance
propertyof B-splines,function value ´ � � è�� é � is mapped
to functionvalue ´ Ü� � è�� é � by transformationÀ:� . If À:� is
invertible, the mappingbetweeń � � è�� é � and ´ Ü� � è�� é � is a
one-to-onecorrespondence.

For example,whencontrolpointdisplacementsâ�ÁPÂ Ã are� ¾ � ¾ � for all ê � ë , it is obviousthatfunction ´ � is locally in-
jectiveall over thedomain.However, Theorems1 and2 do
not cover this casebecausethe conditionsin themarenot
satisfiedwith â�ÁPÂ Ã ¥ � ¾ � ¾ � . In contrast,whenwenormal-
ize the displacementsâ�ÁPÂ Ã , transformationÀ:� is a trans-
lation by � á ¾ � á ¾ � and â�Á ÜÂ Ã:¥ � § � § � for all ê � ë , which
obviouslysatisfiestheconditionin Theorem3.

The sufficient conditionsin Theorems1 and 2 arenot
necessaryfor thelocal injectivity of function ´ � evenif we
apply themto the normalizedcontrolpoint displacements.
For example,let â�¢ Ä Ã ¥ â�¢�� Ã ¥ á â�¢P� Ã ¥ á â�¢ Þ Ã ¥§ ¸ º ¾ and â ¤ Â Ã ¥�§ , for ê � ë ¥�§ � ° � · � » . In thiscase,bothof



theconditionsin Theorems1 and2 areviolatedbut functionì í
is still locally injective.
However, theboundfor thecontrolpoint displacements

in Theorem1 is tight. Leeetal. [9] presenteda control lat-
tice configurationwith which function

ì í
is not locally in-

jectivewhen î ï�ðEî ñHðóòôAõ . Wehave not fully investigated
thetightnessof theinequalityin Theorem2 yet.

Theorem2 is moreusefulthanTheorem1 when î ï andî ñ aredifferent. For example,given a control lattice withî ï�ðEö ÷ ø ù and î ñHð�ö , wecannotverify thelocal injectivity
of the resultingfunction

ì í
with Theorem1. In contrast,

Theorem2 canbeusedto guaranteethat the function
ì í

is
locally injective.

4. Local Injectivity Conditions of 3D B-spline
Functions

In this section,we presentsufficient conditionsfor the
local injectivity of a 3D uniform cubic B-spline function
by expandingthegeometricinterpretationandthebounding
regionspresentedin Section3 to 3D space.

4.1.Geometricinterpr etation of 3D local injectivity

Let
ì ú

bea 3D uniform cubicB-splinefunctiondefined
by Eq. (2). When ûPü ý þ equalsû�ÿü ý þ ð�� ����� � �	��� � 
���� �
for � � � � 
�ðcö � � � ù � 
 , function

ì ú
is reducedto an iden-

tity function. Let ��ûPü ý þ be the displacementof control
point ûPü ý þ from û�ÿü ý þ , that is, ��ûPü ý þ=ð ûPü ý þ��=û�ÿü ý þ ð� ��� ü ý þ � ��� ü ý þ � ��� ü ý þ � . Thenwehaveì ú � ��� � � ���ð�� ��� � � ����� ú� ü � ÿ

ú�ý � ÿ
ú�þ � ÿ � ü � ��� � ý � � � � þ�� ��� ��ûPü ý þ ÷

Let � ò ð � ! ï! " � ! ï! # ��! ï! $ � , � í ð%� ! ñ! " � ! ñ! # � ! ñ! $ � , and� ú ð&� ! '! " � ! '! # ��! '! $ � denotethe row vectorsof Jacobian
matrix ()� ì ú � . Let * "ü ý þ � ��� � � ���<ð �	+ü � ��� � ý � � � � þ�� ��� ,* #ü ý þ � ��� � � ����ð � ü � ��� �	+ý � � � � þ�� ��� , and * $ü ý þ � ��� � � ����ð� ü � ��� � ý � � � �	+þ � ��� . We define , ú � - � î � asa region in . ú
suchthat, ú � - � î �³ð0/ � ���1- ï�� ���1- ñ � �2�3- ' � 4��ð ú� ü � ÿ

ú�ý � ÿ
ú�þ � ÿ * "ü ý þ � ��� � � ��� î ü ý þ ��Hð ú� ü � ÿ

ú�ý � ÿ
ú�þ � ÿ * #ü ý þ � ��� � � ��� î ü ý þ ��Hð ú� ü � ÿ

ú�ý � ÿ
ú�þ � ÿ * $ü ý þ � ��� � � ��� î ü ý þ 5 �

where -Lð6� - ï�� - ñ � - ' � , 4 î ü ý þ 487 î , and ö97:��� � � �:7;� ., ú � - � î � is the3Dexpansionof theregion , í � - � î � . Let < ò ð� � � ö � ö � , < í ð=� ö � � � ö � , and < ú ð6� ö � ö � � � . Fig. 6 shows
a schematicdiagramof the regions , ú � < ò � î ï � , , ú � < í � î ñ � ,
and , ú � < ú � î ' � .
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Figure 6. A schematic diagram of , ú � < ò � î ï � ,, ú � < í � î ñ � , and , ú � < ú � î ' � .
Let î ï�ð�PRQ S / 4 ��� ü ý þ 4 5 , î ñHð�PRQ S / 4 ��� ü ý þ 4 5 , and î ' ðPRQ S / 4 ��� ü ý þ 4 5 . The 3D extensionof Lemma1 caneasily

beproved from the fact that threevectors� ò , � í , and � ú in. ú arelinearly independentif andonly if thereis no plane
passingthroughthe origin that containsthe points � ò , � í ,
and � ú . As in the 2D case,we interchangeablyusea 3D
vectoranda point in . ú .
Lemma 7 Function

ì ú
is locally injectiveall over the do-

main if no planesimultaneouslypassesthroughtheorigin,, ú � < ò � î ï � , , ú � < í � î ñ � , and , ú � < ú � î ' � .
4.2.Bounding regionsof , ú � - � î �

Let .�T�,U� - � î � bea region in . ú definedby.�T�,U� - � î �+ð0/ � ���1- ï�� ���1- ñ � �2�3- ' � 44 �84 7 
 ù î � 4 ��4 7 
 ù î � 4 ��4 7 
 ù î 5 �
where -QðV� - ï�� - ñ � - ' � . It canbeprovedin a similarway to
Lemma2 that .�T�,U� - � î � is a boundingregion of , ú � - � î � .
Lemma 8 , ú � - � î �)W�.�T�,U� - � î � .

Let .�T�*R� - � î � bea region in . ú definedby.�T�*R� - � î � ðX.�T2YZ� - � î ��[R.�T2\�� - � î ��[R.�T�]�� - � î � �



wherê�_2`Za b c d e)f0g a h�i1b j�c k�i1b l c m2i1b n e oo h8o pVqr�d c o k�i1m�o p3s�t d c o k	u1m�o p�s�t d v c^�_2wRa b c d e8f0g a h	i3b j�c k2i3b l c m2i1b n e oo k�o p�qr d c o m2i3h8o p3s�t d c o m�u1h8o p�s�t d v c^�_�x�a b c d e)f0g a h	i3b j�c k2i3b l c m2i1b n e oo m�o p�qr�d c o h	i3k�o p3s�t d c o hyu1k�o p�s�t d v c
and b�f a b j�c b l c b n e . Note that

^�_�x�a b c d e is an extru-
sion of the 2D region

^	zRa b c d e in the m -direction. Simi-
larly,

^�_2`Za b c d e and

^�_2wRa b c d e areextrusionsof

^	zRa b c d e
whenit is definedin the k m - and m h -planes,respectively. It
is simpleto show that

^�_�zRa b c d e is a boundingregion of{�| a b c d e .
Lemma 9

{�| a b c d e)} ^�_�zRa b c d e .
(Proof) It can be shown that

{�| a ~ c d e�} ^�_�x�a ~ c d e
in a similar way to Lemma 3. Also, we can show that{�| a ~ c d eV} ^�_2`Za ~ c d e and

{�| a ~ c d eV} ^�_2wRa ~ c d e
by using rotations with respect to the h - and k -axes,
respectively.

To obtainaregularoctahedronthatincludes
{�| a b c d e , we

introduceaconstants | , whichis the3D correspondenceofs�t :
s | f��R� �� ��� � � � �8��� �� � |� � � �

|�� � �
|�� � � o � � � �

a � c � c ��e o � �� c
where� � � � a � c � c ��ef z �� � � a � c � c ��e�i z �� � � a � c � c ��e�i z �� � � a � c � c ��e �
To computethevalueof s | , thedomain � p � c � c ��p0� is
partitionedto averydensegrid with thegrid spacing� � � � � .
We thenevaluate � |� � � � |� � � � |� � � o � � � � a � c � c ��e o at ev-
ery grid point, and the maximumoccursat

a � � c � � c � � e ,
where

� � f � � � �   � � � r q   ¡ or

� � f � � ¢ q £ ¤ q q ¡ � £ q . Then,s | is approximately
r �   ¡ ¤   ¡ r q q £ .

Let

^�_�~�a b c d e bearegion in

^ |
definedby^�_�~�a b c d e8f0g a h	i3b j�c k2i3b l c m2i1b n e oo h	i3k�i1m�o p3s | d c o h�i1k	u1m�o p�s | d co h�u1k�i1m�o p3s | d c o hyuZk	u1m�o p�s | d v c

where bRf a b j�c b l c b n e . The following lemmashows that
^�_�~�a b c d e is aboundingregionof

{�| a b c d e .

Lemma 10
{�| a b c d e)} ^�_�~�a b c d e .

(Proof) Wecanrepresent̂

�_�~�a ~ c d e by^�_�~�a ~ c d ef ^�_�¥ � a ~ c d e�¦ ^�_�¥ t a ~ c d e�¦ ^�_�¥ | a ~ c d e�¦ ^�_�¥�§ a ~ c d e c
where^�_�¥ � a ~ c d e¨f©g a h�c k c m e o o h	i1k�i3m�o p�s | d v c^�_�¥ t a ~ c d e¨f©g a h�c k c m e o o h	i1k	u1m�o p�s | d v c^�_�¥ | a ~ c d e¨f©g a h�c k c m e o o h�uZk�i3m�o p�s | d v c^�_�¥�§ a ~ c d e¨f©g a h�c k c m e o o h�uZk	u1m�o p�s | d v �
Considera 3D rotation

^ n j that mapsthe vector

a � c � c � e
onto the m -axis. Rotation

^ n j transformŝ

�_�¥ � a ~ c d e to^ n j a ^�_�¥ � a ~ c d e e , where^ n j a ^�_�¥ � a ~ c d e e¨f©g a h ª c k ª c m ª e o o m ª o p s |« q d v �
Let m ª bethe m -coordinateof thenew positionwhenweap-
ply rotation

^ n j to a point

a h�c k c m e�¬ {�| a ~ c d e . Thenwe
have o m ª o­f¯®®®® �« q

a h�i3k�i1m e ®®®®p �« q
|� � � �
|�� � �
|�� � � o � � � �

a � c � c ��e o o d � � � o
p s |« q d c

which implies
{�| a ~ c d e°} ^�_�¥ � a ~ c d e . Simi-

larly, we can show that
{�| a ~ c d e±} ^�_�¥ t a ~ c d e ,{�| a ~ c d e)} ^�_�¥ | a ~ c d e , and
{�| a ~ c d e)} ^�_�¥�§ a ~ c d e .

Let ² ¥�³Za b c d e be the intersection of

^�_ { a b c d e ,^�_�zRa b c d e , and

^�_�~�a b c d e :² ¥�³Za b c d e¨f ^�_ { a b c d e�¦ ^�_�zRa b c d e�¦ ^�_�~�a b c d e �
Fig. 7 shows theshapeof ² ¥�³Za ~ c � e from severaldiffer-
ent viewpoints. The boundaryof ² ¥�³Za b c d e consistsof
26 faces. It trivially holdsthat ² ¥�³Za b c d e is a polyhedral
boundingregion of

{�| a b c d e .
Lemma 11

{�| a b c d e)} ² ¥�³Za b c d e .
Let ² { ¥�a b c d e bea sphericalregion definedby² { ¥�a b c d efXg a h�i3b j�c k2i3b l c mUi3b n e o h t i3k t i3m t p a ´ | d e t v c

where bUf a b j�c b l c b n e and´ | f�µ a qr e t i a s�tUu qr e t i a s | uZs�t e t �



Figure 7. Region ¶�·�¸Z¹ º�» ¼ ½ from different
viewpoints.

¶�¾8·�¹ ¿ » À ½ is the smallestsphericalregion that encloses¶�·�¸Z¹ ¿ » À ½ . It is obviousthat ¶�¾8·�¹ ¿ » À ½ is a boundingre-
gionof ¾�Á ¹ ¿ » À ½ .
Lemma 12 ¾�Á ¹ ¿ » À ½)Â�¶�¾8·�¹ ¿ » À ½ .
4.3.Sufficient conditions for 3D local injectivity

Now we presentsufficient conditionsfor the local in-
jectivity of a 3D uniform cubic B-splinefunction. Let Ã Á
be the function definedby Eq. (2) and Ä�Å�Æ Ç È1ÉÊÅ�Æ Ç È�ËÅ�ÌÆ Ç È É=¹ Ä�Í Æ Ç È » Ä�Î Æ Ç È » Ä�Ï Æ Ç È ½ for Ð » Ñ » Ò1É­Ó » ¼ » Ô » Õ . LetÀ Ö­ÉØ×RÙ Ú Û Ü Ä�Í Æ Ç È Ü Ý , À Þ:ÉØ×RÙ Ú Û Ü Ä�Î Æ Ç È Ü Ý , and À ß�É×RÙ Ú Û Ü Ä�Ï Æ Ç È Ü Ý .
Theorem 4 Function Ã Á is locally injectiveall overthedo-
mainif À Ö�à&áâUã , À Þyà±áâUã , and À ß�à±áâUã .

(Proof) By using the polyhedral bounding region¶�·�¸Z¹ ¿ » À ½ of ¾�Á ¹ ¿ » À ½ , thistheoremcanbeprovedin asim-
ilar wayto Theorem1.

Theorem 5 Function Ã Á is locally injectiveall overthedo-
mainif À äÖ�å À äÞ�å À äß à0¹ áæ�ã ½ ä .
(Proof) By usingthesphericalboundingregion ¶�¾8·�¹ ¿ » À ½
of ¾�Á ¹ ¿ » À ½ , this theoremcanbeprovedin a similar way to
Theorem2.

To normalizethe control point displacements,we con-
sider a 3D affine transformation ç9Á . Let Å�èÆ Ç È be the
new position of a control point Å�Æ Ç È when it is trans-
formed by ç9Á . We determinethe affine transforma-
tion ç9Á so that it minimizes the approximationerror,é ÁÆ ê Ì é ÁÇ ê Ì é ÁÈ ê Ì Ü Ü Å�èÆ Ç È Ë3Å�ÌÆ Ç È Ü Ü ä . Let Ä�Å�èÆ Ç È É:Å�èÆ Ç È ËÅ�ÌÆ Ç È É;¹ Ä�Í èÆ Ç È » Ä�Î èÆ Ç È » Ä�Ï èÆ Ç È ½ . Let À èÖ É�×RÙ Ú Û Ü Ä�Í èÆ Ç È Ü Ý ,À èÞ É�×RÙ Ú Û Ü Ä�Î èÆ Ç È Ü Ý , and À èß É�×RÙ Ú Û Ü Ä�Ï èÆ Ç È Ü Ý .
Theorem 6 Function Ã Á is locally injectiveall overthedo-
main if the 3D affine transformationç9Á is invertible and
if À èÖ , À èÞ , and À èß satisfyoneof the conditionsof À èÖ à áâUã ,À èÞ à áâUã , and À èß à áâUã or ¹ À èÖ ½ ä å ¹ À èÞ ½ ä å ¹ À èß ½ ä à0¹ áæ�ã ½ ä .
(Proof) By using the affine invarianceproperty of B-
splines, this theoremcan be proved in a similar way to
Theorem3.

As in the2D case,thesufficientconditionsin Theorems
4 and5 arenotnecessaryfor thelocalinjectivity of functionÃ Á . However, similar to Theorem1, Theorem4 providesa
tight boundfor thecontrolpointdisplacements.In Section
3.3, we mentionedthereis a control lattice configuration
with which function Ã ä is not locally injective when À Ö9ÉÀ ÞyÉëáâUì . By expandingthecontrollatticeconfigurationto
3D,wecanobtainacontrollatticeconfigurationwith whichÃ Á is not locally injective when À ÖíÉVÀ ÞRÉVÀ ß�ÉîáâUã . We
have not fully investigatedthetightnessof theinequalityin
Theorem5 yet.

5. Conclusions

In thispaper, wehavepresentedsufficientconditionsfor
the local injectivity of 2D and3D uniform cubic B-spline
functions. We first proposeda geometricinterpretationof
the local injectivity of a uniform cubic B-spline function.
Row vectorsin theJacobianmatrixaremappedto regionsin
thespace,for whichwe obtainedsimpleboundingregions.
Sufficient conditionsrepresentedin termsof control point
displacementswerefinally derived by usingthe bounding
regions. Thesesufficient conditionsaresimpleandeasyto



checkandwill beusefulto guaranteetheinjectivity of map-
ping functionsin applicationssuchas imagewarpingand
morphing,3D deformation,andvolumemorphing.

Futurework will include an investigationof sufficient
conditionsthatconsidereachcontrolpointdisplacementin-
dependently. In this paper, sufficient conditionsarerepre-
sentedonly in termsof themaximumsof thecontrolpoint
displacementsin principal directions. The ultimatefuture
goal will be to obtainsimpleandeasy-to-checknecessary
andsufficientconditionsfor theinjectivity of uniformcubic
B-splinefunctions.
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