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Abstract

Scanning devices acquire geometric information from the surface of an object in the form of a 3D point set. Such point sets, as any
data obtained by means of physical measurement, contain some noise. To create an accurate model of the scanned object, this noise
should be resolved before or during the process of surface reconstruction. In this paper, we develop a statistical technique to estimate
the noise in a scanned point set. The noise is represented as normal distributions with zero mean and their variances determine the
amount of the noise. These distributions are estimated with a variational Bayesian method, which is known to provide more robust
estimations than point estimate methods, such as Maximum Likelihood and Maximum a Posteriori. Validation experiments and
further tests with real scan data show that the proposed technique can accurately estimate the noise in a 3D point set.
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1. Introduction

3D scanning is an effective approach for creating 3D digital
models of real world objects. Due to hardware and measure-
ment errors, a 3D point set acquired by a 3D scanning process
inevitably contains noise. If this noise is not properly han-
dled, the reconstructed surface representing the boundary of the
model will include artifacts that do not exist in the original ob-
ject.

Various techniques have been developed to deal with the
noise before or during the surface reconstruction step. The
common limitation of all the existing approaches for handling
noise is that the amount of noise to be removed should be spec-
ified by the user. For example, the kernel methods for point
set denoising require the adopted smoothing filter to be given
by the user. Point set processing based on the Moving Least
Squares (MLS) projection requires the neighborhood size to be
given by the user. In the case of approximating surface recon-
struction algorithms, the allowable bound for approximation er-
rors should be specified by the user.

In all these cases, the values of the user parameters have great
impact on the accuracy of the reconstructed surfaces. If a larger
error bound than necessary is given, the point set will be under-
fitted. On the other hand, a smaller than necessary error bound
will cause overfitting and the model will reproduce the noise as
well as the inherent features of the data (see Fig. 1). Conse-
quently, to find the right values of the parameters, the user is
required to repeat the trials with different parameter values.

Another important issue in noise handling of a point set is
the non-uniform distribution of noise. Scanned point sets have
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non-uniform distribution of noise due to overlapping scans, cal-
ibration errors, and other characteristics of the scanned object
and the scanning hardware and process. However, in the pre-
vious approaches, global parameters are uniformly applied all
over the point set, where determining good parameters for dif-
ferent parts of a point set would be cumbersome for a user. To
overcome this limitation, we need an automatic technique to es-
timate the noise distribution of a point set which can be spatially
varying.

1.1. Variational Bayesian method

To estimate the noise distribution of a scanned point set, we
have to determine the underlying surfaceSand the noise at the
same time, where the noise corresponds to the displacements of
scanned points from the surfaceS. Due to the stochastic nature
of noise, it is natural to adopt statistical methods to study it.
This paper proposes aVariational Bayesian(VB) method for
noise estimation of 3D point sets.

Unlike other statistical methods, such asMaximum Likeli-
hood (ML) and Maximum A Posteriori(MAP), a VB method
computes the stochastic distribution, rather than a point esti-
mate, of the parameterΘ of a model. This is done by defining
a functional with the space of possible distributions ofΘ as the
domain and maximizing this functional with variational calcu-
lus.

One advantage of a VB method is that it can avoid spuri-
ous maxima in the posterior distribution of the model parame-
ter Θ. In a VB method, the specific value ofΘ needed for the
final model is determined as a representative value of its com-
puted distribution. For example, if the distribution is multivari-
ate Gaussian, the final value ofΘ used for the model will be the
mean of the distribution. Generally, this final VB estimate dif-
fers from the point estimate ofΘ obtained by the ML or MAP
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Figure 1: Uniform cubic B-spline fitting with a variational Bayesian method.
The data were sampled from the blue curve. From left to right, the red curves
show the fitting results with 3, 7, 20, and 35 control points. The corresponding
values of the cost functionCKL are 371, 354, 379, and 408. The method will
select the B-spline with 7 control points as the model with optimal complexity.

method, and provides a more robust estimate because it repre-
sents the whole distribution ofΘ, instead of its global maximum
that could be a spurious value.

Another important advantage of a VB method is that it can
optimize the complexity of the underlying surfaceScomputed
together with the noise estimate. Indeed, from the computed
distribution of the model parameterΘ, a cost functionCKL

can be evaluated to approximate the log evidence of the fitted
model. For the given data, we can use a VB method repetitively
to obtain models of different complexity, and then use theCKL

values to select optimal complexity. Fig. 1 shows an 1D exam-
ple, where noisy sample points from a curve are fitted with a
cubic B-spline curve. Using the cost functionCKL, we select
the model with seven control points as optimal, avoiding both
underfitting and overfitting.

1.2. Overview

For noise estimation of a 3D point set, we first deal with a
simpler case where the underlying surface is approximated by
a height field. In this case, the input is a noisy point set that can
be fitted with a height field surface. We represent the height
field surface as a uniform B-spline surface and develop a VB
algorithm for fitting a B-spline surface to the point set while
estimating the noise amount.

We assume that noise is a random displacement in the normal
direction of the base plane of the height field. We also assume
that the noise at a sample point has a normal (Gaussian) distri-
bution with zero mean. Then, the noise estimation problem is
reduced to computing the spatially varying variance, and the la-
tent parameterΘ of the Bayesian model consists of the variance
of the noise and the coefficients of the fitting spline. The algo-
rithm works by iteratively computing estimates of the posterior
distribution ofΘ. The fitting process is repeated several times
over the given data, creating B-spline surfaces with increasing
numbers of control points. The model with the minimum value
of the cost functionCKL is selected as the optimal fit of the
height field giving the best estimation of noise.

For a general 3D point set, the VB algorithm for height field
data is applied to the neighborhood of an input point. The
neighborhood is parameterized over a local plane and a B-spline
surface is fitted to obtain the noise estimate for the neighbor-
hood. This step is repeated until all the input points are suffi-
ciently involved in local height field surface fittings. The final
estimate for the noise at an input point is obtained by merg-
ing several local estimates obtained on different, overlapping
neighborhoods.

1.3. Contributions

Obtaining accurate noise estimates is a challenging task, as
it means quantifying the uncertainty in the data. The existing
geometry processing algorithms, either do not use noise esti-
mates, or rely on the user to provide such estimates as values
of certain algorithmic parameters. To the best of our knowl-
edge, this is the first work proposing a method for obtaining
noise estimates of 3D point sets. In summary, this paper has the
following main contributions;

• We present a variational Bayesian algorithm for fitting
height field data with a uniform B-spline surface.

• The algorithm enables accurate estimation of noise in a 3D
point set.

2. Related Work

The use of Bayesian statistics for graphics applications is rel-
atively new as Bayesian methods are considered computation-
ally expensive. An introduction to Bayesian statistics in the
context of graphics applications can be found in [1]. Diebel et
al. [2] uses Bayesian statistics with sub-linear priors for trian-
gle mesh smoothing. Jenke et al. [3] uses the MAP method for
point set smoothing, where the priors are computed from the
density, smoothness, and the features of the point set. Huang
et al. [4] uses a hierarchical Bayesian technique to solve simul-
taneously the problems of range scan registration and implicit
surface reconstruction. Compared to these techniques, the vari-
ational Bayesian approach taken in this paper provides more
robust parameter estimation and assessment of the final model.

Variational Bayesian methods have been used in [5] for
image deconvolution and in [6] for removing camera shake
from photographs. Detailed expositions of variational Bayesian
methods can be found in [7]. In [8], a 2D variational Bayesian
modeling for curve approximation was studied in detail, which
has similarities to our 3D Bayesian modeling approach. How-
ever, we work with surfaces rather than curves, and fit B-splines
rather than polynomials, which makes the method more suitable
for surface fitting.

In the literature, the noise in a 3D point set is usually studied
through the output of a geometry processing algorithm, often in
relation to one of the algorithmic parameters. Instead, Pauly et
al. [9] studies the noise directly, computing its effects on a sta-
tistical representation of the point set based on likelihood maps.
However, they gave no algorithm for estimating the magnitude
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of the noise. Kalaiah et al. [10] proposes a hierarchical statisti-
cal representation for a point set, which is suitable for efficient
transmission and rendering of point sets. Experiments show
that the rendering method can handle noise, however noise is
not studied directly.

The indirect studies of the noise in 3D point sets are usu-
ally related to a mesh denoising or a point set denoising al-
gorithm. Several mesh denoising techniques are extensions of
filters initially developed for image processing. Taubin [11]
uses a Laplacian based filter for mesh denoising, Kobbelt et al.
[12] uses the bilaplacian flow, Desbrun et al. [13] uses the mean
curvature flow, and Fleishman et al. [14] and Jones et al. [15]
use bilateral filters. Filtering techniques have been extended to
point set denoising. Lange et al. [16] uses anisotropic diffusion
for point set denoising, Hu et al. [17] uses mean shift filtering,
and Qin et al. [18] uses bilateral filtering. Pauly et al. [19, 20]
use spectral filters, working on the frequency domain of a point
set. A statistical approach to point set denoising was employed
in [21], which is based on the maximization of the likelihood.
These methods usually handle the noise using a user-parameter
value.

The VB noise estimation method proposed in this paper re-
lies on a simultaneous VB surface fitting. The most popular
surface fitting algorithms for point sets are based on theMov-
ing Least quares(MLS) representation [22, 23, 24]. The fitting
of height field data with MLS has been studied in [25]. An
MLS based projection for point set smoothing was proposed in
[26]. Lipman et al. [27] dealed explicitly with noise in MLS
surfaces with sharp features. A median projection, which does
not require parameterization, was proposed in [28]. Comparing
the VB surface fitting with the MLS methods is challenging as
there is no generally agreed comparison framework that takes
into account noise related issues such as overfitting control.

3. Overview of Variational Bayesian Method

This section describes the basic principles of VB modeling
and derives an iterative method for computing the posterior dis-
tribution of the model parameters. For more details, we refer
the reader to a textbook, such as [7].

3.1. Bayesian inference

Let

D = {D1,D2, . . . ,DI} (1)

be the set of observed data, and letΘ be the set of latent vari-
ables. We will refer to the latent variables as themodel parame-
ters. Bayesian statistics are based on Bayes’ theorem, stating

P(Θ|D) =
P(D|Θ)P(Θ)

P(D)
(2)

In standard Bayesian terminology,P(Θ|D) is the posterior,
P(D|Θ) is the likelihood, P(Θ) is the prior, andP(D) is the
evidence.

In Bayesian modeling, we define the priors and the likelihood
of the model, and make inferences based on the computation

of other distributions, usually the posterior. In this paper, two
types of inferences will be made. The first is the computation
of an optimal set of model parametersΘ, which in our context
means computing spline coefficients and estimating the vari-
ance of the data noise. The second type of inference involves
the comparison between different models, here between splines
with different number of control points, as illustrated in Fig. 1.

3.2. Variational Bayesian method

First we describe the general VB theory for computing the
model parametersΘ. The key step is the computation of a
good approximationQ(Θ) of the posterior distributionP(Θ|D).
Then,Θ can be computed as the mean ofQ(Θ).

Let Q(Θ) denote an element of the space of possible distribu-
tions ofΘ. The difference betweenQ(Θ) and the true posterior
P(Θ|D) can be measured by theKullback-Leiblerdivergence

DKL(Q||P) =
∫
Θ

Q(Θ) log[
Q(Θ)

P(Θ|D)
]dΘ ≥ 0 (3)

From an information-theoretic point of view, the Kullback
Leibler divergence measures the relative entropy ofQ with re-
spect toP. SeeingDKL(Q||P) as a functional of which the do-
main is the space of possible distributionsQ(Θ), we can use a
variational method to minimize it and find the closest approxi-
mation to the true posterior. Even though the variational method
of minimizing theDKL(Q||P) is exact, the result will only be an
approximation of the true posterior due to the restrictions we
will place on the domain ofQ(Θ).

Indeed, to make the problem more tractable, we restrict the
domain ofQ(Θ) by assuming that the model parametersΘ are
separable. That is, the distributionQ(Θ) factorizes as

Q(Θ) = ∏
i

Q(Θi) (4)

Under this assumption, each componentQ(Θi) of the optimal
solution satisfies

log(Q(Θi)) =
∫

logP(D,Θ)∏
j,i

Q j dΘ j (5)

Notice that Eq. 5 is a system of equations where for each
i, the solution ofQ(Θi) depends on all the other parameters.
The system can be solved iteratively. We first initialize all the
Θi appropriately. Then we cycle through them and update the
estimate of eachΘi through Eq. 5 and the current estimates of
other parameters.

4. Variational Bayesian Modeling of Height Field Data

In this paper, we use a uniform B-spline surface as the one
latent parameter of a Bayesian model for height field fitting.
The choice is mainly dictated by the complexity of the VB
method. Indeed, the mathematical descriptions of VB model-
ing processes are complicated, and the resulting algorithms are
involved and computationally expensive. Thus, we chose uni-
form B-spline surfaces for their simplicity and the easy control
of the model complexity using the number of control points.
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Section 4.1 gives a mathematical description of B-spline sur-
face fitting of height field data. Section 4.2 derives the iterative
solution of the system in Eq. 5 under the assumptions that the
spline coefficients follow Gaussian distribution, and the noise
is Gaussian with its inverse variance following the Gamma dis-
tribution. Finally, Section 4.3 describes how we can assess the
quality of a VB model and compare VB models of different
complexity.

4.1. Surface representation

The uniform B-spline surface of degreed is defined over a
square domain. It can be described by a control lattice ofN =
(k+d+1)× (k+d+1) control points;

f (x,y) =
k+d

∑
l=0

k+d

∑
m=0

Bl ,m(x,y)φl ,m (6)

whereBl ,m are translates of the basis function of the bivariate,
uniform B-spline of degreed, andφi j are the values of control
points. As the iterative VB algorithm processes the values of
the control points in the form of an 1D vector, we write

wl+m(k+d+1) = φl ,m (7)

Bl+m(k+d+1)(x,y) = Bl ,m(x,y) (8)

The input of the Bayesian modeling algorithm is a set of
points

Di = (xi ,yi ,zi) (9)

Using the spline equation, the data is written as the value of the
spline plus the noise

zi =
N

∑
n=1

wn fni +νi (10)

where fni = Bn(xi ,yi) is computed by evaluating the basis
function at thexy-coordinates of the data. We writew =
(w1,w2, . . . ,wN)T for theN-dimensional vector of the spline co-
efficients,Dz = (z1,z2, . . . ,zI ) for the vector of thez-coordinates
of the data, andF = ( fni) for theN× I matrix of the fni.

4.2. Iterative variational Bayesian algorithm

The latent parametersΘ of our Bayesian model are the coef-
ficientsw of the spline basis functions and the inverse variance
γ of the noise of the data. We assume that these two parameters
are separable, meaning that the posterior distribution factorizes
as in Eq. 4

Q(Θ) = Q(w) ·Q(γ) (11)

For the iterative computation of the posterior, we have to
define the likelihood, which is needed in the computation of
logP(D,Θ) in Eq. 5, as well as priors, which will initialize the
system. We assume that the noiseν in Eq. 10 follows Gaussian
distributionG with zero mean and inverse varianceγ. Then, the
likelihood is

P(Dz|w,γ) =
I

∏
i=1

G (zi |
N

∑
n=1

wn fni,γ) (12)

As the likelihood depends on bothw andγ, these two variables
can correlate. In other words, we do not assume the distribution
of noise to be independent of the underlying surface. Instead,
we only assume the separability ofw andγ in the form of the
factorization of the approximate posteriors shown in Eq. 11.
Regarding the priors, we assume that they have the form

P(w) = G (w|0,α(w)I) (13)

P(γ) = Gamma(γ|α(γ),β (γ)) (14)

The mean of the Gaussian in Eq. 13 is theN-dimensional zero
vector0 and its inverse covariance matrix isα(w)I , whereI is
the identity matrix. Theα(w), α(γ), andβ (γ) are scalars whose
choice is discussed in Section 4.4. The Gamma distribution in
Eq. 14 is defined by

Gamma(γ|a,b) =
1

Γ(a)
ba

γ
a−1e−bγ (15)

Notice that for the likelihood in Eq. 12, the priors in Eqs. 13
and 14 areconjugate, meaning that priors and posteriors belong
to the same distribution family. Choosing conjugate priors is
a standard technique in Bayesian modeling, as it can greatly
simplify the problem [7]. In our case, with this type of priors,
the posteriors of the model parameters have the form

Q(w) = G (w|w̄, w̃) (16)

Q(γ) = Gamma(γ|ᾱ(γ), β̄ (γ)) (17)

Computing the integral in Eq. 5, we find that the posterior of
the spline coefficients in Eq. 16 can be updated at each iteration
by

w̃ = α
(w)I +

∫
Q(γ)γdγ ·FFT (18)

w̄ = w̃−1 ·
∫

Q(γ)γdγ ·FDz (19)

Generally, the covariance matrix̃w of Q(w), updated by Eq. 18,
is not diagonal. Consequently, the coefficients of the B-spline
may correlate with each other. The posterior of the variance of
the noise in Eq. 17 is updated by

ᾱ
(γ) = α

(γ) +
I
2

(20)

β̄
(γ) = β

(γ) +
1
2

I

∑
i=1

∫
Q(w)

(
zi −

N

∑
n=1

wn fni
)2

dw (21)

A similar formula was derived in [8] for a similar problem, as
mentioned in Section 2. In the iterative updates of the posteri-
ors, the only term that is not straightforward to compute is the
integral in Eq. 21. After some technical computations, which
are detailed in Appendix A, we find that the integral is equal to

N

∑
n=1,m=1

fni fmiw̃nm+(zi −
N

∑
n=1

w̄n fni)2 (22)

In our implementation, the algorithm terminates when the
norm of the difference ofw between two iterations is less than
ε = 10−4. The iterative computation of the VB modeling has
similar computational complexity with a MAP method [8].

From the estimated distributions ofw andγ, we obtain point
estimates by taking the means of their distributions. That is,w
is estimated bȳw, while γ is estimated bȳα(γ)/β̄ (γ).
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4.3. Model selection

For a given set of data, the quality of the VB model depends
on its complexity, that is, on the number of control points of B-
splines. The more control points we use, the closer the model
will fit the data. However, a large number of control points may
cause overfitting. To find the optimal model complexity, we use
the basic VB modeling algorithm repetitively with increasing
number of control points, and select the model maximizing the
log evidence logP(D). That is, we choose the model with the
highest probability of being the source of the data.

Using the Bayesian theorem in Eq. 2 and the decomposition
of the joint probabilityP(D,Θ) = P(Θ|D)P(D), we find

logP(D) =
∫

Q(Θ) log
P(D,Θ)
Q(Θ)

dΘ+DKL(Q||P) (23)

As the Bayesian modeling process in Section 4.2 minimizes
DKL(Q||P), we may assume that it is near zero and that the first
term of the right hand side of Eq. 23 is a good approximation
of the log evidence. Thus, for each model, we compute the cost
function

CKL(D,Θ) = −
∫

Q(Θ) log
P(D,Θ)
Q(Θ)

dΘ (24)

and select the model with the lowest value.
Splitting the joint probability in Eq. 24, we find that

CKL(D,Θ) = DKL(Q(Θ)||P(Θ))

−
∫

Q(Θ) logP(D|Θ)dΘ (25)

Notice that the first term in the right hand side of Eq. 25 is the
entropy of the posterior realtive to the prior. Assuming non-
informative priors of very low entropy, this term increases with
the entropy of the posterior and thus penalizes model complex-
ity and prevents overfitting. The calculation of Eq. 25 can be
found in Appendix B.

The pseudocode of surface fitting with model selection can
be summarized as follows:
—————————————————————–

n = 0;
repeat

Fit a spline with(n+4)2 control points
Estimate the cost functionCn

KL(D,Θ)
n++

until
(
Cn

KL(D,Θ) > Cn−1
KL (D,Θ)

)
—————————————————————–

The VB modeling algorithm stops as soon asCKL(D,Θ) in-
creases with the increase of the number of control points. Con-
sequently, the global minimum ofCKL(D,Θ) could be missed.
However, we chose this strategy because we found experimen-
tally that the extra computational cost for avoiding local minima
in CKL(D,Θ) is not justified.

4.4. The priors

Finding suitable priors is a critical step of the modeling
process. The priors can affect the convergence and numerical

stability of the algorithm, as well as the quality of the results.
In our context, as we do not assume any prior knowledge of the
model, we need non-informative priors which will only serve
to initialize the iterative algorithm. The priors should also be
broad distributions, facilitating the fast convergence and numer-
ical stability of the algorithm.

[7] notes that the convergence of the iterative solution of Eq.
5 is theoretically guaranteed. However, the issue of priors is not
discussed there. [8] notes that the iterative solution of a system
similar to ours converges under broad conditions, when broad
priors of the form of Eqs. 13 and 14 are chosen. However, we
notice that the priors in Eqs. 13 and 14 are not scale invariant.
Thus, priors that are broad distributions for a certain input could
become narrow if the data are scaled up. This can be a serious
problem with 3D point sets, where scaled versions of the same
model may differ by orders of magnitude. Moreover, even if the
scale is fixed, still different parts of the model may have differ-
ent densities, resulting ink-neighborhoods of different sizes.

To address the issue of scale, we notice that the parameter
α(w) scales the inverse covariance matrix of the priorP(w) in
Eq. 13, which is inversely proportional to the square of the data.
Parameterα(γ) scales the mean of the data noise priorP(γ) in
Eq. 14. The mean of the data noise is assumed to be zero and
thus scale invariant. Parameterβ (γ) scales the variance of the
data noise priorP(γ), which is proportional to the square of the
data.

Taking into account the scaling of the model parameters with
respect to the data, we chose priors

α
(w) = 4.5/AP, α

(γ) = 10−3, β
(γ) = AP/(1.5·104) (26)

whereAP is the area of thexydomain of the fitting spline, which
we may assume to be approximately proportional to the square
of the data.

The values of the constants 4.5, 10−3 and 1.5·104 were found
experimentally. They do not imply any assumption about the
level of noise, the data density, or the surface curvature. The
algorithm still adapts to such properties of the data by choosing
the spline with the appropriate number of control points. With
the priors in Eq. 26, we did not witness any numerical problems
with the convergence of the iterative algorithm.

5. Variational Bayesian Noise Estimation

We apply the VB spline height field fitting algorithm for
noise estimation of 3D point sets by considering local neighbor-
hoods. We first use the VB height field fitting to obtain noise
estimates at neighborhoods of the input points. Noise estimates
are then obtained at each point by merging several neighbor-
hood estimates.

For a data pointP, thexy-plane for the spline fitting algorithm
will be the tangent plane atP, which is either given with the data
in the form of normal information or estimated by the normal
ensemble technique [29]. Normal ensemble takes the robust
average of several candidate normals at a point and gives robust
normal estimates for a noisy point set. Letr be the maximum
distance betweenP and the points in itsk-neighborhood, where
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typically k = 100. The parameter space for the fitted spline
is the 2r ×2r square on thexy-plane with centerP and edges
parallel tox andy directions.

The input of the VB fitting algorithm is the data points whose
projections onto the xy-plane belong to the 2r ×2r square.

A spline surface is fitted to the data and the standard devia-
tion σsur f of noise in the neighborhood is computed. Then for
each pointPi in the neighborhood we accumulateσacc

pi
by

σ
acc
pi

:= σ
acc
pi

+φ(|Pi −P|)σsur f (27)

The weighting functionφ is the bell-shaped cubic B-spline
blending function, scaled so that its support is the parameter
space of the fitted surface and its maximum is 1. With suchφ ,
the noise estimate of a neighborhood has more influence on the
points near the center, that is, at the place where the estimate is
expected to be more reliable.

In order to accelerate the noise estimation process, we do not
fit a spline surface for each input point. As the neighborhoods
of two points close to each other are very similar, the noise
estimations would be very similar too. Instead, in order to dis-
tribute the amount of weight for estimated noise evenly across
the data set, we use a scalar valueLP measuring the amount of
weight accumulated so far. We traverse the whole data set and
if LP is less than a thresholdLmax, we selectP and process its
neighborhood for noise estimation. Then, we also update the
LPi for all pointsPi in the neighborhood ofP by

LPi := LPi +φ(|Pi −P|) (28)

We repeat the process until all the points have received suffi-
cient amount of noise estimation. We start with a relatively low
threshold, typicallyLmax= 0.1, and increase it at each iteration
by 0.1, while the noise estimation process stops whenLmax= 1.

The final estimated distributions of noise at points are derived
by

σpi := σ
acc
pi

/LPi (29)

The pseudocode of the process can be stated as follows;
—————————————————————–

Initialize LP as zero for all pointsP
Lmax = 0.1;
repeat

for (each pointP)
if (LP ≥ Lmax) continue; /* skip pointP */
Fit a B-spline surface as described in Section 4
for (every pointPi in the neighborhood ofP)

Updateσacc
pi

according to Eq. 27
UpdateLPi using Eq. 28

end for
end for
Lmax := Lmax + 0.1;

until (Lmax> 1.0)
for (each pointP)

CalculateσP using Eq. 29
end for

—————————————————————–
Notice that despite the fixed sizek of the processed neighbor-

hoods, the algorithm is spatially adaptive, as it selects splines
with different number of control points for different parts of
the model. The valuek = 100 we used in all the experiments
does not imply any assumption about the amount of noise in
the data, the point set density, or the surface curvature at that
part of the model. Instead, it reflects our choice of model type,
i.e., B-splines of a small degree. If the neighborhood was much
smaller, let sayk = 10, the data would be overfitted even by
the simplest quadric or cubic splines, which have 9 and 16
control points, respectively. A much larger neighborhood, let
sayk = 1,000, would mean that the optimal number of control
points would also be large in most cases, unnecessarily increas-
ing the computational cost.

6. Validation Experiments

The input point sets of the validation experiments are the ver-
tices of the Bulldog and Bimba models (see Figs. 2). As both
models are smooth triangle meshes, we assume that their ver-
tices have low noise. On these smooth point sets, we added
Gaussian noise in the form of point displacements in the nor-
mal direction, creating four different data sets, A, B, C and D.
In the sets A, B and C, the added noise follows Gaussian distri-
bution with zero mean and standard deviation 0.5d, 1.0d, and
2.0d, respectively, whered is the average, all over the point set,
of the distance between a point and its nearest neighbor. In the
set D, the mean of the added noise is zero and the standard de-
viation varies continuously from 0.25d to 2.5d, as we go from
the left to the right of the model. From each set we canceled
the 1% of the largest displacements, avoiding the creation of
outliers.

(a) (b) (c) (d)

Figure 2: Experimental result with test set D of the Bulldog and Bimba models.
(a) original model. (b) added noise. (c) estimated noise. (d) control lattice sizes
of the fitted cubic splines. The colormap used for color encoding of the images
can be found in Fig. 4. The standard deviation of the added noise continuously
varies from 0.25d to 2.5d

We want to establish the accuracy of the noise estimates ob-
tained by cubic spline fittings on the sets A, B, and C. For each
set, we estimate the inverse varianceγ of the noise at the neigh-
borhoods where spline surfaces are fitted. Then, we compute
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the mean and the variance of 1/
√

γ. The results are summa-
rized in Table 1. We also estimated the noise on the original
Bulldog and Bimba models and the results are shown on the
first column of Table 1 corresponding to zero added noise.

As one would expect from a visual inspection of the mod-
els, the noise estimates on point sets with zero added noise (the
original models) show that Bimba is smoother than Bulldog.
The means of the noise estimates for the sets A, B, and C show
nice approximations of the original amounts of the added noise.
In the Bulldog model, the noise estimates are more accurate
for larger amounts of added noise, when the added noise dom-
inates the small amount of inherent noise. In both models, the
variance of the noise estimates decreases as the uniform added
noise increases and dominates the non-uniform inherent noise.

Added noise 0.0 0.5 (A) 1.0 (B) 2.0 (C)

Bulldog (mean) 0.232 0.657 1.128 2.054
Bimba (mean) 0.059 0.529 1.010 1.927

Bulldog (var.) 0.257 0.182 0.135 0.086
Bimba (var.) 0.032 0.023 0.020 0.020

Table 1: Noise estimates(×d) from the VB algorithm for the original models
and the test sets A, B, and C. The unitd is the average distance between a point
and its nearest neighbor.

Figs. 2 visualize the results for the test set D. From the color
encodings, we can see that the noise estimates adapt well to the
varying amount of noise across the model. However, we also
notice that the features of the model interfere with the noise
estimates. Figs. 2(d) show the color encoding of the optimal
control lattice sizes for the fitted spline surfaces. Blue color
corresponds to a lattice size of four or less, while red corre-
sponds to a size of eight or more. We notice that the fitting
algorithm generally uses large control lattices for the high cur-
vature areas, recognizing surface features and adapting to them.
We also notice that, generally, coarse splines with small control
lattices are used in high noise areas, avoiding overfitting.

We further validated our algorithm on the cube and fandisk
models, which have clear edge and corner features. As in the
previous experiment, we first sample points from the corre-
sponding meshes, which we assume have only small noise. The
added noise follows the method D in the previous Bulldog and
Bimba experiments.

As we can see in Fig. 3, the noise estimates on the features are
slightly larger than those in the flat region. This is a limitation
of our algorithm. However, the effect of feature is smaller than
the effect of the actual noise. Given that distinguishing between
the features and noise is an ill-posed problem, we consider our
result to be reasonable.

7. Results

We tested our VB algorithm on real scan data. Table 2 gives
the means and variances of the obtained noise estimates, which
were computed in the same way as Table 1. To demonstrate
the relevance of our results in graphics applications, we visual-
ize them in Fig. 4. The top row shows RBF reconstructions of

(a) (b) (c)

Figure 3: Experimental result with test set of the cube and fandisk models. (a)
original model. (b) added noise. (c) estimated noise. The colormap used for
color encoding of the images can be found in Fig. 4. The standard deviation of
the added noise continuously varies from 0.25d to 2.5d

the scan data. They were used for empirical noise estimation
through visual inspection. The middle row shows the noise es-
timates obtained by our method and the bottom row shows the
control lattice size of the fitted B-splines.

The conclusions from the numeric values in Table 2 con-
firm the visual observations in Fig. 4. For example, Armadillo
has the highest average noise estimate among all models in Ta-
ble 2. Visual inspection of the top row of Fig. 4 verifies that
Armadillo has more noise than the other models. In another
example, the variance of the estimated noise in David, Galaad,
and Dragon is higher than in Armadillo, Bunny, and Turtle. Vi-
sual inspection of the top row of Fig. 4 verifies that the noise
in Armadillo, Bunny and Turtle is more evenly spread, while
in Dragon, Galaad, and David, the noise concentrates in certain
spots. Moreover, a comparison between the top and the mid-
dle rows of Fig. 4 shows a good correspondence between the
visually detected and the VB estimated spots of high noise.

By examining the bottom row of Fig. 4, we verify that the
control lattice size varies adaptively to optimize both the fitted
B-spline and the noise estimation. Firstly, the control lattice
size depends on the curvature of the underlying surface. For
example, we can see that near the features of Armadillo, Turtle,
and Galaad, the algorithm fits splines with large control lattices,
capturing this way the complexity of the underlying surface.
Secondly, the control lattice size also depends on the amount
of noise. Indeed, in high noise areas such as the Dragon’s legs
and the concavities of David’s hair, the algorithm fits splines
with small control lattices, avoiding the representation of the
noise as a feature of the underlying surface. The concavities of
David’s hair, in particular, which are features highly corrupted
by noise, are modeled with control lattices smaller than the rel-
atively smooth convex parts of David’s hair.

The time complexity of the proposed algorithm depends on
the control lattice sizes of the fitted B-splines. The bottom row
of Fig. 4 shows that Bunny, Armadillo, and Turtle have smaller
control lattice sizes than the other three models. As a result, the
computation time for these models is also smaller (see Table 2).

Complexity comparisons between our algorithm and existing
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Bayesian methods are difficult, because we solve a different
more underdetermined problem. Nevertheless, Table 2 shows
that the computation time of the proposed algorithm is compa-
rable to those of existing methods, such as [3].

# of Error Time
points mean variance (sec)

Bunny 362,291 0.4998 0.0759 299
Dragon 347,163 0.5237 0.2877 781

Armadillo 464,757 1.055 0.1465 413
David 195,382 0.6041 0.8252 965
Turtle 490,710 0.453 0.0297 472
Galaad 362,876 0.6427 0.3966 902

Table 2: Noise estimates(×d) of the VB algorithm on real scan data. Timing
data were measured on Intel Core 2 running at 2.40GHz.

8. Discussion and Future Work

We developed an iterative variational Bayesian algorithm for
noise estimation on 3D point sets. The algorithm is based on a
Bayesian model with two latent parameters. The first parameter
measures the data noise, while the second parameter defines a
B-spline fitting of a locally parameterized neighborhood of the
data. The posteriors are computed with the variational Bayesian
method. The algorithm avoids data overfitting by comparing
models of different complexity and choosing the one with the
highest evidence.

Our process of noise estimation is fully automatic and does
not require any user input related to the density of the 3D point
set, or the curvature of the underlying surface. Our valida-
tion experiments verified the accuracy of the noise estimates,
even in the presence of non-uniform noise. Given the nature
of in-sample noise estimation as an ill-posed problem, some
interference of the sharp features with the noise estimates is in-
evitable. However, the validation experiments showed the sys-
tematic overestimation of the noise on the sharp features to be
limited. Further tests on real scan data showed that the pro-
posed method can give meaningful information regarding the
magnitude and distribution of the noise.

The proposed algorithm overcomes a central limitation of the
previous Bayesian approaches in surface fitting, which is the
need of a user input to specify the distribution of noise. That is,
their goal is not the estimation of the noise but the estimation of
the underlying surface, assuming that the distribution of noise
is known. In contrast, the goal of our algorithm is to estimate
the underlying surface and the distribution of the noise, simul-
taneously and combinedly. The difficulty of this problem lies
in that it is heavily underdetermined, and variational Bayesian
statistics seems to be one of the few approaches that are robust
enough to handle such a task effectively.

One of the limitations of our method is the use of a simple
noise model. We assume isotropic noise, which can be modeled
by a single parameter corresponding to its variance. As our
model does not have the complexity to handle anisotropic noise,

we may obtain less accurate estimates if the actual noise is not
isotropic.

Another limitation is that we do not have any special consid-
eration for outliers and thus, outliers can also reduce the accu-
racy of the estimates. However, in practical applications, out-
liers could be removed in a preprocessing step, either manually
or by applying a specialist algorithm for outlier detection and
removal.

In the future we plan to extend the method by developing a
VB algorithm for noise estimation that directly handles unorga-
nized 3D point sets, without any local parametrization of data
neighborhoods [28]. We expect such an extension to further
improve the accuracy of the noise estimates, and further reduce
the interference between surface features and noise estimates.
However, the computation of the relevant integrals required by
the iterative VB algorithm remains a challenging task. In ad-
dition, we plan to apply the VB method to knowledge-based
surface reconstruction. If we can mathematically formulate the
prior knowledge of structured models, such as ships or build-
ings, then the VB method can help to make the reconstruction
process more robust.
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Appendix A

We will compute the integral in terms of the mean̄w and
covariancew̃ of Q(w). For conciseness, following a standard
notation we will write∫

Q(w) f (w)dw =
〈

f (w)
〉

Q(w) (30)

We have〈
(zi −

N
∑

n=1
wn fni)2

〉
Q(w)
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〈
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∑
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∑
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∑
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∑
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wn fni)2 +(zi −
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∑
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w̄n fni)2
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Q(w)

+
〈
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N
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N
∑
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wn fni)(zi −

N
∑

n=1
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∑
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N
∑
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w̄n fni)2
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∑

n=1
w̄n fni)

〈 N
∑

n=1
fni(w̄n−wn)

〉
Q(w)

=
〈 N

∑
n=1,m=1

fni fmi(w̄n−wn)(w̄m−wm)
〉

Q(w)

+(zi −
N
∑

n=1
w̄n fni)2

=
N
∑

n=1,m=1
fni fmiw̃nm+(zi −
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∑
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Figure 4: Noise estimates of the VB algorithm on real scan data. From left to right: Bunny, Dragon, Armadillo, David, Turtle, and Galaad. Top: RBF reconstruction
of real data to visualize the noise. Middle: Color encoding of estimated noise. Bottom: Color encoding of control lattice sizes of the fitted cubic splines.

Appendix B

Eq. 24 gives

CKL(D,Θ) =
∫

Q(Θ) log[
P(D|Θ)P(Θ)

Q(Θ)
]dΘ (31)

giving,

CKL(D,Θ) =
∫

Q(Θ) log
P(Θ)
Q(Θ)

dΘ

+
∫

Q(Θ) logP(D|Θ)dΘ (32)

The first integral in Eq. 32 is

DKL(Q(Θ)||P(Θ)) (33)

that is, the Kullback-Leibler divergence between the approxi-
mate posterior and the prior. This term is the entropy of the
posterior relative to the prior. It increases when the entropy
of the posterior increases. As the posterior of a more complex
model has higher entropy, it penalizes model complexity and
thus, it prevents overfitting.

Using the separability between the distributions of the spline
coefficients and the variance of the noise, we can write Eq. 33
as

DKL(Q(w)Q(γ)||P(w)P(γ)) (34)

which factorizes as

DKL(Q(w)||P(w))DKL(Q(γ)||P(γ)) (35)

The first term of the product in Eq. 35 is theDKL of two
knownN-dimensional Gaussian distributions

DKL(G (w|w̄1, w̃1)||G (w|w̄2, w̃2))

and is given in closed form by

1
2
(log(

detw̃2

detw̃1
)+ tr(w̃−1

2 w̃1)

+(w̄2− w̄1)Tw̃−1
2 (w̄2− w̄1)−N) (36)

Similarly, the second term of the product in Eq. 35 is theDKL

of two known gamma distributions

DKL(Gamma(γ|a1,b1)||Gamma(γ|a2,b2))

and is given by

(a1−a2)ψ(a1)+a2 log
b1

b2
+a1

b2−b1

b1
(37)

whereψ denotes the digamma function.
The second integral in Eq. 32 is the term that would be max-

imized by the maximum likelihood method. It encourages the
close fitting of the model to the data, thus preventing underfit-
ting. To compute it, we substitute the log likelihood logP(D|Θ)
from Eq. 12 and use the separability ofΘ to get∫

Q(w)Q(γ)[
I
2
(logγ − log(2π))

−1
2

γ

I

∑
i=1

(zi −
N

∑
n=1

wn fni)2]dwdγ (38)

giving

I
2
(
∫

Q(γ) logγdγ − log(2π))

−1
2

γ

I

∑
i=1

∫
Q(w)(zi −

N

∑
n=1

wn fni)2dw (39)

The integral with respectγ in Eq. 39 is given by

ψ(ᾱ(γ))− log(β̄ (γ)) (40)

see [7], wherēα(γ) andβ̄ (γ) have been computed by the iterative
algorithm in Section 4.2. The integrals with respectw in Eq. 39
were computed in Appendix A.
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